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ABSTRACT: We have presented a theoretical study on ground state binding energy of 
the hydrogenic donor in the Surface Quantum Well composed of vacuum/GaAs/Ga1-xAlxAs. 
The effects of image charges and dielectric screening function on the hydrogenic donor 
binding energy are analysed. The results indicate that both of them have inverse effects. 
These results are compared with the results of other potential profiles previously reported. 
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1.	 INTRODUCTION

Low dimensional semiconductor systems, especially the nature of the impurity 
states in quantum wells, are extensively studied because of purely scientific 
interest and their potential applications in the manufacturing of the opto-electronic 
devices.1 Binding energies of a hydrogenic donor in different quantum wells with 
GaAs/Ga1-xAlxAs have been investigated experimentally and theoretically by many 
authors.2–7 Several authors have reported the effect of perturbations on hydrogenic 
donor binding energy in different quantum wells.8,9  

Surface Quantum Well (SQW) composed of vacuum/GaAs/GaAlAs are of 
considerable interest due to: (1) the presence of localised states even above the 
single quantum barrier in the GaAlAs layer;10 and (2) the image charges that arise 
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from the large dielectric mismatch at the single vacuum/GaAs interface. Present 
authors have reported the binding energy of the excitons in such a SQW.11  

The effect of dielectric screening function, which is the spatial dependent screening 
of an impurity ion caused by the valence electrons and the effect of dielectric 
mismatch at the interfaces play a very important role in the study of hydrogenic 
donor binding energy in low dimensional semiconductor systems. 

Shallow impurity states in a freestanding semiconductor nanowire and in a 
semiconductor nanowire surrounded by a metallic gate have been studied by Li 
et al.12  The effects of dielectric mismatch on the binding energies of impurity 
in GaAs-Ga1-xAlxAs quantum wells have been studied by Deng et al.13  Pereira 
et al.14 have investigated the electron-impurity binding energy in GaN/HfO2  

quantum wells considering simultaneously all energy contributions caused by the 
dielectric mismatch. 

Niculescu  has made a theoretical study of the electronic states in a spherical  
quantum dot with and without a hydrogenic impurity, taking into account the 
dielectric mismatch effect, by considering the joint action of the quantum 
confinement and polarisation charges.15 Exciton states in the cubic quantum dots 
with finite potential barrier in the presence of dielectric mismatch have been 
studied by Boichuk et al.16 The role of effective mass and dielectric mismatch on 
chemical potentials and addition energies of many-electron multi-shell quantum 
dots have been studied by Royo et al.17

Sukumar and Navaneethakrishnan studied the effect of dielectric function and 
pressure on the binding energies of excitons in GaAs and GaAs/Ga1-xAlxAs 
superlattices, whereas Deng et al. calculated the binding energies of shallow 
donors and acceptors in a spherical GaAs/Ga1-xAlxAs quantum dot including the 
spatial variation of dielectric screening.18,19 In addition, Kilicarslan et al. have 
shown that for Si, there is an obvious increase in the binding energy for spatially 
dependent screening compared with that for constant screening in the range of 
considered well widths, whereas the spatially dependent screening effect is small 
for Ge and GaAs materials.20 The effect of spatial  dielectric  screening on the 
diamagnetic susceptibility of a donor in low dimensional semiconducting systems 
like quantum well, quantum well wire and quantum dot in the infinite barrier model 
has been investigated by Nithiananthi et al.21 The effect of the dielectric screening 
on donor binding energies in a quantum wire has been estimated by Latha et al.. 
with five different screening functions.22 
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Keldysh has shown that in thin films, if the dielectric constant of the film is much 
larger than that of the substrate, as film thickness decreases, the Coulomb interaction 
increases strongly.23 Shik, on the other hand, observed a decrease of conductivity 
with the film thickness, when screening in thin films is taken into account.24 Chaplik 
has investigated the scattering of electrons by ions in an inversion layer.25

Deng and Gu have calculated the effects of the image potential on hydrogenic 
impurity binding energies in GaAs/AlAs quantum well wires with rectangular cross 
section.26 The role of dielectric constant mismatch on shallow donor impurities 
in GaAs-Ga1-xAlxAs quantum well structures have been investigated by Fraizzoli 
et al.27 The effect of image charges due to dielectric mismatch on the properties 
of donor in semiconductor nanostructures bounded by air have been studied by 
Corfdir et al.28  

Wendler et al. have reported the exciton binding energy in semiconductor quantum 
well with the effect of the image potential.29 Thoai et al. studied the influence of 
image charges and discontinuous masses in quantum well on exciton binding 
energy.30 The effect of image charges on the ground state binding energy of 
hydrogenic impurity in cylindrical quantum well wire has been calculated as a 
function radius of the wire by Thoai.31  Elabsy has investigated the effect of image 
forces on the binding energy of impurity atoms placed at the centre of a GaAs-
Ga1-xAlxAs quantum well.32 Diarra et al. have shown that ionisation energy of the 
impurities in semiconductor nanowires is strongly enhanced with respect to the 
bulk, when the wires are embedded in a material with low dielectric constant.33 

Aharonyan has studied the screened Coulomb states in a finite confining potential 
semiconductor quantum well.34

In the present work, we have reported the effect of dielectric screening on the 
binding energy of a hydrogenic donor in a SQW composed of vacuum/GaAs/
GaAlAs as a function of well width and Al composition. The role of image charges 
which arise due to the large difference in the dielectric constants on either side of 
the interface between vacuum and GaAs, in such a SQW are considered. 

2.	 THEORY AND FORMULATION

The Hamiltonian of a hydrogenic donor in a quantum well is given in the effective 
mass approximation as:5 
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We have used effective Rydbergs as the unit of energy /R m e 2* * 4
0
2 2'!=  and 

effective Bohr radius /a m e* *
0
2 2'!=  as the unit of length. 0!  is the static 

dielectric constant and m* is the effective mass of electron.  For GaAs, we have 
used .13 20! =  and m* = 0.0665m0

5, where m0 is the free-electron mass. 

The potential profile for SQW is given by
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L is the well width and Vo is the barrier height calculated as 0.65ΔEg.5 The band 
gap difference ΔEg  between GaAs and Ga1-xAlxAs is related to the Al concentration 
x by:5

ΔEg =1.155x+0.37x2 eV	 (3)

The trial wave function11 for ground state of the hydrogenic donor impurity state 
can be written as:
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where A is normalisation constant and B is related to A as B = AeβLsinL. α and β 
are given by:
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The transcendental equation to be solved for the electron energy levels (Ee) is 
obtained by matching the wavefunction and its first derivative at z = L as:
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The expectation value of the Hamiltonian is calculated using the expression:
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Binding energy of the hydrogenic donor is determined as:

E E H minb e= - 	   (8)

where H min  is the minimised value of H  with respect to the variational 
parameter "a."

2.1	 The Effect of Image Charges

The image charges arise due to the different dielectric constants at the interface 
between vacuum and GaAs. The image charge of an electron or impurity ion is 
expressed as:35
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where the dielectric constant in the GaAs well is o!  and that in vacuum is .11! =  
., ,q e q e q Ke and q Keion

e
ion e=+ =- = =-l l

Unlike the symmetrical wells, the image charges are considered only at the single 
vacuum/GaAs interface and not at GaAs/AlxGa1-xAs interface in the SQW. As a 
result, only one single image each for the electron and the impurity ion is formed 
at the interface. The electron sees not only the impurity ion but also its own image 
charge and that of the impurity ion; similar is the case of the impurity ion. The 
additional potential in the Hamiltonian, when the image charges are considered, is 
given by: 
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The 4th term in Equation 10 corresponds to the interaction between the impurity 
ion and its image which is neglected by Elabsy due to its small contribution and for 
simplifying the calculations, but included by Deng et al. and Deng and Gu.13,26,32 
Taking the unit of energy as the effective Rydberg and the unit of length as the 
effective Bohr radius, the image potential now becomes: 

V K
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The new Hamiltonian for the hydrogenic donor is now given by:

H H Vimage a= + 	 (12)
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The binding energy of the hydrogenic donor is determined by evaluating Himage  
and minimising it with respect to the variational parameter "a" using the trial wave 
function given in Equation 4.  The binding energy of the hydrogenic donor is now 
given by:

E E H minb e image= - 	 (13)           

2.2	 The Effect of Dielectric Screening Function (DSF)

The spatial variation of dielectric constant in the quantum well i.e., the dielectric 
screening function  is given by:18

r e c
r1 1 1 1

o o! ! != + - -] bg l 	  (14)

where c is the lattice constant and r z2 2t= + . For GaAs, c = 0.565 nm. When 
the effect of dielectric screening function is included, the Hamiltonian given in 
Equation 1 is modified as: 

H
z

V z r r
1 2 o

DSF 2

2

2
2
2
2

2
2

!
!

t t t t=- - + -] c ]g g m 	   (15)

Binding energy of the hydrogenic donor is determined again with this Hamiltonian 
using the expressions given in Section 2 (without image charges) and Section 2.1 
(with image charges) as:

E E H minb e DSF= - 	 (16)

3.	 RESULTS AND DISCUSSION

The effective Bohr radius (the length unit) and the effective Rydbergs (the energy 
unit) are calculated as .a nm10 50397* =  and .R meV5 19275* =  respectively.  
Figure 1 displays the binding energy of the hydrogenic donor as function of 
wellwidth L for the concentration of Al, x = 0.3. We have performed the calculations 
under four cases, with and without the effect of DSF and the image charges.  
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Figure1: Binding energy of hydrogenic donor vs. wellwidth (IC denotes image charges).

It is noted that in all the cases, the hydrogenic donor binding energy increases with 
decrease in wellwidth up to certain value (L = 4 nm without image charges and  
L = 5 nm with image charges, irrespective of DSF) due to the compression of donor 
wavefunction in the quantum well, and starts to decrease with further decrease in 
wellwidth due to the spread out of the donor wavefunction into the surrounding 
Ga1-xAlxAs layer. Therefore, as wellwidth is reduced, a turnover is observed in 
the binding energy of the donor. Finite quantum wells of all shapes exhibit this 
behaviour.4–6 From Figure 1, it is also apparent that the image charges and not the 
DSF play a vital role in changing the turnover wellwidth. When the effect of image 
charges is included, the wavefunction spreads out earlier into the barrier and hence 
the turnover wellwidth increases. This behaviour is similar to that of excitons in 
the same SQW.11  

Crossover in the values of binding energy occurs at the wellwidth L = 7 nm 
without image charges, L = 10 nm with image charges, L = 9 nm with DSF and 
L = 12 nm without DSF.  Crossover wellwidths denote the wellwidths at which 
there is a switchover in the domination in the effects of image charges and DSF. 
For example, without image charges, as wellwidth decreases, hydrogenic donor 
binding  energy without DSF is more than that with DSF upto L = 7 nm.  For L < 7 
nm, the condition changes vice versa. In contrast, the results reported earlier show 
that the DSF increases the confinement and hence increases the binding energy for 
all wellwidths.18,19,22 The reasons for this difference may be due to the asymmetric 
nature of the well, and the inclusion of the effect of image charges.

The peak value of donor binding energy is its limiting value before the spilling over 
of donor wavefunction into the single Ga1-xAlxAs barrier leading to the delocalised 
states in it. For symmetric infinite quantum wells, as wellwidth increases donor 
binding energy continuously increases to 2D limit as L → 0, since Ga1-xAlxAs 
barriers are not available for the donor wavefunction to spill over. For symmetric 
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finite quantum wells, Ga1-xAlxAs barrier exists on both sides of GaAs layer giving 
rise to two GaAs/Ga1-xAlxAs interfaces and as wellwidth decreases, these wells 
show a behaviour explained earlier in the second paragraph of this section with 
donor binding energy approaching 1R* of bulk Ga1-xAlxAs as L → 0.  But in the 
present case of SQW, only a single GaAs/Ga1-xAlxAs interface is present. Hence 
the peak value is smaller than the 2D limit (4R* of bulk GaAs) but larger than 1R* 
of bulk Ga1-xAlxAs. These values are comparable with those of excitons in the 
same SQW.11

It is also noted that for L < 12 nm without DSF and for L < 9nm with DSF, the 
effect of image charges decreases the donor binding energy. The presence of image 
charges is more pronounced in quantum wells with smaller wellwidths than those 
with larger one. In symmetric wells, when image charges are included, donor 
experiences repulsion due to the image charges at both interfaces which increases 
the confinement and hence the binding energy. Moreover, the compression of 
donor wavefunction in the GaAs well further increases the binding energy. Hence, 
the binding energy with image charges is greater than that without image charges 
for all wellwidths.23–25,33,34 

However, in the present case, when the image charges are included, as wellwidth 
decreases beyond the crossover wellwidths, the competing effects of repulsion 
experienced at the single vacuum/GaAs interface and the compression of donor 
wavefunction in the GaAs well results in the decrease of donor binding energy, than 
when the image charges not included. This decrease in binding energy for these 
wellwidths increases the doping efficiency of the impurities at room temperature, 
reducing the need for heavy doping to obtain good electrical properties.33   

Figure 2 shows the variation of ground state binding energy of hydrogenic donor 
as a function of wellwidth for various Al concentrations including the effect of 
DSF. It is observed that the binding energy is less sensitive to the Al concentration 
upto the wellwidth L = 10 nm. For L < 10 nm, it shows significant variation in 
binding energy.  It is also noted that when the concentration of Al increases, the 
peak value of the binding energy increases and shifts towards the lower wellwidth.
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Figure 2: 	 Binding energy as a function of wellwidth for various Al concentrations 
including the effect of dielectric screening function.

Figure 3 displays the variation of binding energy of a hydrogenic donor as a 
function of Al concentration for L = 20 nm. The results are similar to those reported 
by Deng et al.13 
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Figure 3: 	 Binding energy as a function of Al concentration with and without dielectric 
screening function for L = 20 nm.

The following observations are noted in the present case:

●● Effect of DSF is to decrease the binding energy by nearly 1.3 meV without 
image charges and 0.2 meV with image charges

●● Image charges increase the binding energy with DSF by nearly 1.5 meV and 
0.4 meV without DSF

These observations confirm that the presence of image charges increases the 
confinement of the hydrogenic donor and hence increases the binding energy. 
However, the DSF decreases the confinement and hence decreases the binding 
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energy. Since random distribution of donor atoms leads to the distribution of 
binding energy and hence the emission energy,28 inclusion of image charges and 
DSF will be significant in the study of emission properties of semiconductor 
quantum wells.

4.	 CONCLUSION

We have calculated the ground state binding energy of hydrogenic donor in a 
SQW formed by vacuum/GaAs/Ga1-xAlxAs as a function of wellwidth and Al 
concentration. The important results obtained are that: (1) the binding energy 
increases when the wellwidth decreases up to a particular wellwidth and decreases 
for further decrease in wellwidth after reaching a peak value; (2) the peak value 
of the hydrogenic donor binding energy increases when the effect of DSF is 
considered; (3) peak value of binding energy shifts to lower wellwidth as Al 
concentration increases; and (4) crossover in the values of binding energy occurs 
at the wellwidth L = 7 nm without image charges, L = 10 nm with image charges, 
L = 9 nm with DSF and L = 12 nm without DSF.  
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