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Binding energies of excitons in a Surface Quantum Well (SQW)
composed of vacuum/GaAs/AlxGa1�xAs as a function of wellwidth
are calculated. The effect of non-parabolicity is considered by using
an energy dependent effective mass. The effect of mass anisotropy
and the effect of image charges which arise due to the large dielec-
tric discontinuity at the vacuum/GaAs interface are also consid-
ered. The average distances of the electron hzei and the hole hzhi
from the vacuum/GaAs interface, with and without image charges
and the integrated probability of finding an electron and a hole
inside the well are also calculated. The results agree well with
the available experimental data.

� 2014 Elsevier Ltd. All rights reserved.
1. Introduction

Studies on thin crystalline films, surfaces and ultrathin multilayer heterostructures are of consid-
erable interest for the past many years because of their technological importance [1] and also due to
the possibility of many new effects [2–4] shown by these systems. Quantum wells (QW) with varied
potential profiles have become possible with experimental techniques [5]. Many interesting features
are noted in the behavior of excitons in such QW when compared to that in a bulk semiconductor [6].

Cen et al. [7] obtained appreciable correction to the binding of excitons in a symmetrical rectangu-
lar quantum well (RQW) formed by GaAs–AlAs and GaAs–ZnSe with and without an applied magnetic
field along the growth axis. Mosko et al. [8] reported exciton binding energy in a vacuum barrier QW,
<vacuum/GaAs/vacuum>. They showed that interface polarization is expected to repel the charge
carriers causing a deadlayer near the interface. Photoluminescence at room temperature and
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cathodoluminescence studies of Muth et al. [9] showed a strong emission peak corresponding to the
lowest bound state of the GaN surface quantum well and a correlation was made to the shift in surface
quantum-well emission energy and the thickness of the GaN capping layer, which was varied from
�15 to 40 Å. Wang and Yang [10] studied the quantum dynamics of electrons in a surface quantum
well in the time domain with autocorrelation of wave packet.

Quang et al. [11] presented the theory of an ad hoc mechanism for electron scattering in heavily-
doped zinc oxide surface quantum wells and showed that the carriers must be extra scattered in the
in-plane from roughness-induced fluctuations in the donor density. Niculescu and Eseanu [12] studied
the exciton effects on the interband absorption spectra in near-surface square and semiparabolic
quantum wells under intense laser field taking into account the correct dressing effect for the confine-
ment potential and electrostatic self-energy due to the repulsive interaction between carriers and
their image charges. Silkin et al. [13] studied low-energy plasmons in ultrathin films of silver in the
thickness regimes where the surface states as well as quantum-well states must play significant roles.
Gippius et al. [14] investigated the exciton transition and binding energies in near-surface InGaAs/
GaAs quantum wells (NSQW) theoretically and experimentally by photoluminescence and photolumi-
nescence excitation spectroscopy.

Diarra et al. [15] calculated the electronic states of donor and acceptor impurities in nanowires and
showed that the ionization energy of the impurities is strongly enhanced with respect to the bulk,
above all when the wires are embedded in a material with a low dielectric constant. Corfdir and Lefeb-
vre [16] studied the influence of the surface and of the dielectric mismatch on the binding energy of
donor atoms in GaN, ZnO and GaAs nanostructures and showed that due to the combination of these
two effects, the binding energy does not monotonically decrease from the center to the surface. Tran
Thoai et al. [17] calculated the binding energies of excitons in a finite barrier QW including the effects
of image charges. Pierre et al. [18] measured a strong enhancement in the ionization energy of the
dopant by the close proximity of materials with a different dielectric constant than the host semicon-
ductor. Bjork et al. [19] demonstrated the deactivation of doping atoms in silicon nanostructures
caused by a dielectric mismatch between the wire and its surroundings.

Experimental work of Parks et al. [20] in a SQW with structure vacuum/GaAs/AlxGa1�xAs showed
the presence of states localized above the single quantum barrier in the AlxGa1�xAs layer. Their results
showed a difference between the theoretical values and the experimentally measured transition ener-
gies obtained from the electromodulation spectra and this difference was attributed to the exciton
binding energy. In this paper, an attempt is made to calculate the exciton binding energies in such
a SQW using a variational approach. The effect of non-parabolicity on the transition energies, mass
anisotropy and the role of image charges which arise due to the large difference in the dielectric con-
stants on either side of the interface between vacuum and GaAs, in such a SQW are considered. A com-
parison is made with the experimental data and available results for potential wells of different
shapes.

2. Theory

One-band effective mass and envelope function approximation is employed in the description of
electrons and holes in semiconductor heterostructures.

2.1. Well states

The potential profiles for the electron and the hole in a SQW is taken to be of the form
ViðziÞ ¼
1 zi < 0
0 0 < zi < L

Voi zi > L

8><
>: ð1Þ
where Voi is the barrier height (i stands for e or h for electron or hole, as the case may be). The values of
the potential well heights Voe and Voh are determined as 0.65DEg and 0.35DEg [21] respectively, where
the bandgap difference DEg is related to the Al composition x [22] by
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DEg ¼ 1:155xþ 0:37x2eV
L is the wellwidth and zi = ze or zh for the electron and the hole respectively. The wavefunctions for the
electron and the hole states are of the form
wiðziÞ ¼
0 zi < 0
A sin aizi 0 < zi < L

Be�bizi zi > L

8><
>: ð2Þ
where A is a normalization constant and B is related to A through the continuity of w at zi = L as
B ¼ AebiL sin aiL. The a’s and b’s are given by
ai ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffi
2m�Ei

�h2

s
and bi ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2m�ðVoi � EiÞ

�h2

s
ð3Þ
where Ei is the well state energy (i = e or h for electron or hole respectively), m* = me
* for the electron

and m±
* for the holes. me

* is the effective mass of the conduction electron and m±
* is the heavy (+) or

light (�) hole mass for motion along the z-direction.
The transcendental equation to be solved for the quantum well states is obtained by matching the

wavefunction given in Eq. (2) and its first derivative at zi = L, which is true when the effective mass
mismatch between GaAs and Ga1�xAlxAs is neglected. One gets after simplification and substitution
for ai and bi,
� Ei

Voi

� �1=2

¼ sinð
ffiffiffiffi
Ei

p
LÞ ð4Þ
The transcendental equation for the electron states is obtained by including the non-parabolicity
for the conduction band [23,24] by an expression for the energy dependent effective mass as
� Ee

Voe

� �1=2

¼ sin

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
m�eðEeÞEe

m�e

s !
L

" #
ð5Þ
The me
*(Ee) is taken to be m�eðEeÞ ¼ 0:0665 1þ 0:0436Eeþ0:236E2

e�0:147E3
e

0:0665

� �
where Ee is in eV.

2.2. Ground state of excitons

The Hamiltonian for an exciton in a SQW is given by
H ¼ � 1
q

@

@q
q
@

@q
þ 1

q2

@2

@/2

" #
� l��

m�e

@2

@z2
e
� l��

m��

@2

@z2
h

þ VeðzeÞ þ VhðzhÞ �
2
r

ð6Þ
where r ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ jze � zhj2

q
. The unit of energy is the effective Rydberg R�� ¼

l��e4

2�h2e2
1

and the unit of length

is the effective Bohr radius a�� ¼
�h2e1
l��e2, where e1 is the dielectric constant of GaAs.

l�� is the reduced effective mass of the hh exciton and the lh exciton. It is calculated, in the isotropic
case, as 1

l��
¼ 1

m�e
þ 1

m��
and in the anisotropic case, using Kohn-Luttinger parameters [25], c1 = 7.36 and

c2 = 2.57, as 1
l��
¼ 1

m�e
þ 1

mo
ðc1 � c2Þ and 1

m��
¼ 1

mo
ðc1 � 2c2Þ where mo is the free electron mass.

The potential profile is as given in Eq. (1). The trial wavefunction for the Wannier exciton (associ-
ated with the lowest electron and hole states) in the SQW is taken to be of the form
w ¼
0 ze; zh < 0
A2 sin aeze sinahzhe�ar 0 < ze; zh < L

B2e�beze e�bhzh e�ar ze; zh > L

8><
>: ð7Þ
where ‘a’ is a variational parameter and the a’s and b’s are as in Eq. (3). The continuity conditions at
ze = L and zh = L give
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B2 ¼ A2ebeLebhL sinaeL sin ahL ð8Þ
leaving A2 to be fixed by the normalization condition.

2.3. Effect of image charges

At the GaAs/AlxGa1�xAs interface, we have neglected the effects due to the effective mass mismatch
[14,26–28] and the dielectric constant mismatch [26–28] which are expected to be small, when we
consider the binding energies. But image charges arises due to the large mismatch of the dielectric
constant at the interface between vacuum and GaAs. Now the electron sees not only the hole but also
its own image charge and that of the hole; similar is the case or the hole. Hence the Coulomb inter-
action between an electron and a hole is no longer isotropic. The image charge of an electron or a hole
is expressed as [29]
q0i ¼
e1 � e2

e1 þ e2
qi ð9Þ
where the dielectric constant in the GaAs well is e1 and that in vacuum is e2. i = e for electron and h for
hole. qe = �e and qh = e.

Unlike the symmetrical wells, the dielectric constant mismatch is considered only at the single vac-
uum/GaAs interface in the SQW (the small mismatch at the GaAs/AlxGa1�xAs interface is neglected).
This leads to the formation of only one image each for the electron and the hole. The image potential
hence has the simple form when compared to the image potentials used in other cases. For example in
Ref. [8], a symmetrical vacuum barrier quantum well (vacuum/GaAs/vacuum) has been considered
and for this case, there will be an infinite number of images and the image potential involves an infi-
nite sum. In a similar fashion, Ref. [7] deals with the dielectric constant mismatch at the two interfaces
in a rectangular quantum well. The image potential reduces to the expression used in our work when
we consider a single interface. The additional potential in the Hamiltonian, when the image charge is
considered, is given by
Va ¼
qeq0h

e1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ ðze þ zhÞ2

q þ q0eqh

e1

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
q2 þ ðze þ zhÞ2

q þ qeq0e
e12ze

þ qhqh’
e12zh

ð10Þ
Taking the unit of energy as the effective Rydberg and the unit of length as the effective Bohr
radius, the image potential now becomes
Va ¼ K
�4ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

q2 þ ðze þ zhÞ2
q þ 1

ze
þ 1

zh

2
64

3
75 ð11Þ
where K ¼ e1�e2
e1þe2

. The new Hamiltonian for the exciton is now given by
Himage ¼ H þ Va ð12Þ
The exciton binding energy is determined by evaluating hHimagei and minimizing it w.r.t the varia-
tional parameter ‘a’ using the trial wavefunction given in Eq. (7). It is verified that the dielectric
enhancement of electron and hole energy levels is very less for SQW (i.e., only the exciton energy lev-
els are affected by the image charges and not the electron and hole energy levels). So only the value of
the variational parameter ‘a’ will be different with and without the image charges. The binding energy
of the exciton is now given by
B:E ¼ Ee þ Eh � hHimageimin ð13Þ
The average distances of the electron hzei and the hole hzhi from the vacuum/GaAs interface, with
and without image charges, are also calculated, using the value of the variational parameter ‘a’ corre-
sponding to hHimageimin and hHimin respectively as
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hzei ¼
R R R R

w�zewdzedzhqdqd/R R R R
w�wdzedzhqdqd/

hzhi ¼
R R R R

w�zhwdzedzhqdqd/R R R R
w�wdzedzhqdqd/

ð14Þ
where w is as given in Eq. (7). The integrated probability of finding an electron and a hole inside the
well is calculated as
P ¼
Z 2p

0

Z L

0

Z 1

0
w�wqdqdzd/ ð19Þ
The effect due to the effective mass mismatch is neglected, an effect which is expected to be small.

3. Results and discussion

Effective masses of electron (me
*), heavy hole (m+

*) and electron (m�* ); reduced masses of heavy hole
exciton (l�þ) and light hole exciton (l��) calculated in the isotropic and anisotropic cases mentioned in
Section 2.2; dielectric constants of GaAs (e1) and vacuum (e2) used in the calculations are given in
Table 1.

The experimental samples used in Ref. [20] have the Al composition x = 0.3 and the wellwidth
L = 150 Å, 400 Å and 1650 Å. The quantum well states for the electron and the hole are determined
for various wellwidths by solving the transcendental Eq. (4). Taking Eg(GaAs) = 1.5192 eV, the transi-
tion energies between the hole levels in the valence band and the electron levels on the conduction
band are calculated. It is found that there is a good agreement between our results and the experimen-
tal results reported by Parks et al. [20] for electron-hh transition energies. These values corresponding
to the experimental samples are given in Table 2.

In Fig. 1, the variation of the binding energy of the ground state of a hh exciton and a lh exciton as a
function of the wellwidth L, is displayed. The binding energy initially increases with the decrease of
wellwidth until it reaches a maximum and then decreases quite rapidly. This behavior is similar for
both the hh exciton and the lh exciton. The reason for this is that as L is reduced, the exciton wavefunc-
tion is compressed in the QW, leading to increased binding. However, beyond a certain value of L, the
spread of the exciton wavefunction into the surrounding AlxGa1�xAs layer becomes more important.
This makes the binding energy decrease as L is reduced further. Therefore, a turnover is observed in
the binding energy of the exciton as the wellwidth is decreased. This behavior is similar to the case
of finite QW of all shapes.

The correction for exciton binding energy applied by Parks et al. [20] for an agreement between
their theoretical and experimental values of transition energies in SQW, as estimated by Nelson
et al. [32], is very large compared to our results. But the wellwidth range is not the same in Parks
et al. [20] and Nelson et al. [32]. The maximum value of the binding energy is also comparable with
that in QWs of other shapes. Table 3 gives the comparative values in different QWs.

From Table 3, it is seen that the turnover in the binding energy in the case of SQW happens at a
value of L greater than that in the case of RQW [31] and smaller than that in a |z|2/3 [28] QW. This
Table 1
Material parameters used in the calculations.

Parameters Isotropic [30] Anisotropic [25]

me
* 0.0665mo 0.067mo

m+
* 0.34mo 0.45mo

m�
* 0.094mo 0.08mo

l�þ 0.05562mo 0.04mo

l�� 0.03895mo 0.05mo

e1 13.2 13.2
e2 1 1

Where mo is the free electron mass.



Table 2
Ground state energies and transition energies for experimental sample wellwidths [20].

L (Å) Ground state energies (meV) Transition energies (eV)

Electron hh lh Electron-hh Electron-lh

150 20.52 3.12 16.39 1.5428 1.5561
400 3.26 0.50 2.68 1.5223 1.5251
1650 0.20 0.03 0.17 1.5194 1.5196
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Fig. 1. Variation of the binding energy of the ground state of a heavy hole exciton (hh) and a light hole exciton (lh) without the
image charges as a function of wellwidth (L) with anisotropic masses.

Table 3
Binding energies of excitons in QWs of different shapes.

Well type (Ehh)max (meV) (Elh)max (meV) Turnover value at L (Å) Crossover at L (Å)

Lhh Llh

RQW [31] 9.4 9.2 25 50 50
|z|2/3 [28] 7.4 5.3 225 260 250
SQW 8.3 7.8 100 140 130
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shows that the exciton wavefunction penetrates into the barrier of a SQW much more than in the case
of RQW and much less than the |z|2/3 QW, as L is reduced.

It is also seen that the binding energy of the lh exciton EB(lh) is larger than that of the hh exciton
EB(hh) for L greater than a certain critical value Lc at which they become equal. This shows that the lh
exciton is more bound than the hh exciton until the crossover wellwidth is reached. For values below
Lc, EB(lh) is smaller than EB(hh). This crossover is essentially due to the mass anisotropy involved. i.e.,
m�þ > m�� while l�þ < l��. Also EB(lh) increases less rapidly than EB(hh) since more of the lh exciton
wavefunction tends to spillover into the surrounding AlxGa1�xAs layer, than the hh exciton
wavefunction.

Fig. 2 shows the variation of the binding energy of the ground state of a hh exciton and a lh exciton
as a function of the wellwidth L using an exciton Hamiltonian with isotropic masses where m�þ > m��
and l�þ > l�� (for anisotropic case l�þ < l��). Here the hh exciton is more bound than the lh exciton for
all wellwidths and hence there is no crossover as expected.

The variation of the integrated probability of finding the hh and lh exciton inside the SQW as a func-
tion of the wellwidth L is shown in Fig. 3. It is found that the probability shows a rapid decrease at
nearly the wellwidth at which the binding energy shows a turnover. This is because the turnover is
mainly due to the spilling over of the exciton wavefunction into the surrounding AlxGa1�xAs layer.
No crossover is found in the hh and lh exciton probabilities because the crossover seen in the binding
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Fig. 2. Variation of the binding energy of the ground state of a heavy hole exciton (hh) and a light hole exciton (lh) without the
image charges as a function of wellwidth (L) with isotropic masses.
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Fig. 3. Variation of the integrated probability of finding a heavy hole exciton (hh) and a light hole exciton (lh) inside a SQW as a
function of wellwidth L without the image charges.
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Fig. 4. Variation of the probability of finding an electron (e), a heavy hole (h) and a light hole (l) inside a SQW as a function of
wellwidth L without the image charges.
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energies shown in Fig. 1, is mainly due to the mass anisotropy and the fact that m�þ > m�� while
l�þ < l��:

In Fig. 4, the variation of the probability of finding an electron, a hh and a lh inside the SQW as a
function of the wellwidth L, is shown. The hh is found to have the highest probability, then comes
the electron and finally the lh for a particular value of L. The barrier height for the electron (conduction
band) is Voe = 246.87 meV and for the holes (valence band), it is Voh = 132.93 meV. Considering the
valence band, since the effective mass of the hh is larger than that of the lh, the probability of finding
the hh inside the well is greater than that of the lh, for a particular value of L. Though the effective mass
of the electron is smaller than that of the lh, its probability inside the well is greater because of the
larger barrier height.

The variation of the binding energies of the hh and lh excitons including the image charges as a
function of the wellwidth is shown in Fig. 5. It is seen that the binding energies are significantly
reduced, when image charges are included. In contrary, Gippius et al. [14] have reported that image
charge effects in NSQW lead to an increase in exciton binding energy. The difference in the behavior
may be due to the following variations in the calculations. (i) Non-inclusion of the layer next to InGaAs
QW by Gippius et al. [14] (ii) choice of the potential levels for the QW and (iii) use of anisotropic
masses of the excitons by the present authors.

We also find that the turnover in the binding energy of the excitons, as the wellwidth is reduced, is
at a larger value of the wellwidth, when the effect of image charges is included. The reason again is due
to the fact that the penetration of the exciton wavefunction into the surrounding AlxGa1�xAs layer
becomes more. The repulsion of electron and hole by the polarization at the vacuum/GaAs interface
assists the above penetration. The binding energies of the excitons with and without the image
charges, the turnover and crossover wellwidths are presented in Table 4.

The difference in the binding energy (DE) of the excitons with and without the image charges is
calculated and its variation with the wellwidth L is shown in Fig. 6. When these results are compared
with those reported by various authors [7,8,15–19], the following differences are noted. The reasons
for these differences are also given.

1. In the references mentioned, symmetric semiconductor nanostructures are considered where the
electron and hole suffer repulsion due to the image charges arising due to the polarization at both
the interfaces, which increases the confinement and hence the binding energy. But for the asym-
metric SQW studied by the present authors, repulsion is experienced only at the single vacuum/
well interface having dielectric discontinuity, which decreases the confinement and hence the
binding energy.

2. There is no turnover in the difference in binding energy with and without the image charge as the
wellwidth decreases, for a symmetrical rectangular QW [7] as well as for the vacuum barrier QW
[8] up to L �50 Å. But for a SQW, a turnover is observed in the difference in binding energy of the
excitons with and without the image charges as the wellwidth decreases. This difference can again
be attributed to the asymmetrical nature of the polarized interfaces.
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Fig. 5. Variation of the binding energy of the ground state of a heavy hole exciton (hh) and a light hole exciton (lh) with the
image charges as a function of wellwidth (L) with anisotropic masses.



Table 4
Maximum binding energies of excitons with and without the image charges, turnover and crossover wellwidths for SQW.

Image charges (Ehh)max (meV) (Elh)max (meV) Turnover value at L (Å) Crossover at L (Å)

Lhh Llh

Absent 8.3 7.8 100 140 130
Present 6.5 6.2 150 210 180
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Fig. 6. Variation of the binding energy of the ground state of a heavy hole exciton (hh) and a light hole exciton (lh) with the
image charges as a function of wellwidth (L) with isotropic masses.
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Fig. 7. Variation of the average distance of the electron hzei from the vacuum/GaAs interface with and without the image
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* = 98.7 Å.
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Fig. 7 shows the variation of the average distance of an electron hzei calculated with the hh exciton
wavefunction, from the vacuum/GaAs interface, with and without the image charges as a function of
the wellwidth, L. It is found that as the wellwidth increases, the electron moves away from the vac-
uum/GaAs interface. When the effect of image charges is included, the electron is initially attracted,
when the wellwidth is less than that corresponding to maximum binding energy. Thereafter, the elec-
tron is repelled and the force of repulsion increases as the wellwidth increases.
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The variation of the average distance of the heavy hole hzhhi from the vacuum/GaAs interface with
and without the image charges, as a function of the wellwidth L is shown in Fig. 8. Unlike the electron,
the heavy hole is repelled for all wellwidths, when the effect of image charges is included. It is also
found that the force of repulsion initially decreases when the wellwidth is less than that correspond-
ing to maximum binding energy. It is noted that the hh is always close to the vacuum/GaAs interface,
when compared to the average electron distance.

In Fig. 9, the variation of the average distance of the light hole hzlhi from the vacuum/GaAs interface
with and without the image charges as a function of the wellwidth L, is displayed. The variation is sim-
ilar to that of the electron.

On comparison, it is seen that, for a particular value of L, the effect of image charges is the highest
in the case of a lh, then comes the electron and then the h. This is consistent with the integrated prob-
ability shown in Fig. 4. When the probability of finding a charge carrier inside the well is larger, it is
less affected by the image charges. The interface polarization is expected to repel the charge carriers
causing deadlayer near the interface, which will be free of excitons.

The notion of deadlayer, discussed in the literature [6], in the context of semi-infinite solids, can be
considered for the SQW. The latter differs from single interface in having a confining potential also.
Hence the repulsion due to the polarization charge on the interface giving rise to an electric field does
not push the charge carriers to large distance, as in the semi-infinite solids. The deadlayer in a SQW is
thus expected to be small. Our calculations of hzei and hzhhi give a qualitative idea of the dead layer in a
SQW. For example, for the wellwidth of 5 a+

* , hzei and hzhhi are increased respectively by about 0.3 a+
*
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Fig. 9. Variation of the average distance of the light hole hzlhi from the vacuum/GaAs interface with and without the image
charges as a function of wellwidth L. Effective Bohr radius of light hole, alh

* = 82.7 Å.
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and 0.1 a+
* , when the image charges are included. These are about 10% of hzei and hzhhi, without the

image charges.

4. Conclusion

Exciton binding energies in a SQW composed of vacuum/GaAs/AlxGa1�xAs as a function of
wellwidth are calculated including the effect of non-parabolicity and image charges. The effect of
image charges in a SQW is different from that in a symmetrical rectangular QW where the carriers
experience repulsion by the image charges arising due to the polarization at both the interfaces and
is compelled to be at the center of the QW. But in the SQW, they are repelled by the image charge
at the single vacuum/GaAs interface only. Calculation of the average distances of the electron hzei
and the hole hzhi from the vacuum/GaAs interface, with and without image charges and the integrated
probability of finding an electron and a hole inside the well show that the deadlayer in a SQW is
smaller compared to semi-infinite solids.
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