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Abstract

The purpose of the study is to introduce a new class of continuous function among the nano product
topology and study the behaviour of these functions. We characterise the properties of the new function.The
impact of nano projection mapping between nano product topology is also considered.
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1 Introduction

Functions are means to link or connect two universes of same type or of different type. Lellis Thivagar

et al.! introduced nano topological space with respect to a subset X of an finite universe which is defined
interms of lower and upper approximations of X. He also intoduce nano continuous functions, nano pre
continuous functions.Here we define nano continuous functions between the product of nano topological
spaces and study their behaviour.

2 Preliminaries

Definition 2.14: Let U be a non-empty finite set of objects called the universe and R be an equivalance
relation on U named as the indiscernibility relation. Elements belonging to the same equivalance class are said
to indiscernible with one another. The pair (U,R) is said to be the approximation space.

This is an open access article under the CC BY-NC-SA license (https://creativecommons.org/licenses/by-nc-sa/4.0)
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() The lower approximation of X with respect to R is the set of all objects, which can be for certain classified
as X with respect to R and itis denoted by L. (X).Thatis L,(X) = U{R(X):R(X) < X} where

R(x) denotes the equivalence class determined by x.
(i) The upper approximation of X with respect to R is the set of all objects, which can be possibly classified

as X with respect to Rand itis denoted by U (X).Thatis U, (X) = U{R(X):R(X)n X =}
(i) The boundary region of X with respect to R is the set of all objects which can be classified neither as X nor

as not-X with respect to Rand it is denoted by B (X).Thatis B, (X) = U (X)-L;(X).

Definition 2.2% : Let U be the universe, R be an equivalance relation on U and 7, (X) ={u,

J, Ly (X),UR(X), B5(X) }where X < U. Then 7, (X)) satisfies the following axioms

() Uand D et (X).

(i) The union of the elements of any subcollection of 7, (X) isin 7,(X).

(iii) The intersection of the elements of any finite subcollection of 7, (X) isin 7,(X).

Thatis 7,(X) isatopology on U called the nanotopology on U with repect to X. We call (U, 7, (X)) as

the nano topological space. The elements of 7 (x) are called as nano open sets.

Definition 2.3*: If (U, Th (X)) isanano topological space with respect to X where X < Uandif A

< U, then the nano interior of A is defined as the union of all nano-open subsets of A and it is denoted by

Nint(A). That is Nint(A) is the largest nano-open subset of A. The nano closure of Ais defined as the intersection
of all nanoclosed sets containing A and it is denoted by Ncl(A). That is Ncl(A) is the smallest nano closed set
containing A.

Definition 2.4 Let U be a nonempty finite universe and X < U
(NT1) If Ly(X)=@ and U,(X) =Uthen 7,(X) ={U, U (X)}
(NT2) If Ly(X)=Ug(X) =Xthenthe nano topology 7, (X) ={U &, L, (X)}
(NT3) If Ly(X)# D and U, (X)=Uthen 7,(X) ={U, I, L, (X),B,(X)}
(NT4) 1f Ly(X)#Ug(X) where L (X) = and U, (X) #U then 7, (X) ={U, T, L, (X),U(X),
B (X)} is the discrete nano topology on U
(NTs) If Lo(X)= & and U, (X) =Uthen 7, (X) ={U,J} the indiscrete nano topology on U
Definition 2.5 : Let (U, Tg, (X)) and (Uy, Tg, (Y)) are two nano topological spaces then the nano
topology 7 for the product U;xU;=U is called the nano product topology for U;xU; and in this case the
topological space (U,7, (X)) is called the product space of nano topological spaces (Ul,rRl(X)) and
Uz 7 (Y))
Definition 2.6 : Let (Uy, T, (X)) and (U, Tg, (Y)) are two nano topological spaces. U;/Ry x U/
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R, is a partition of U;xU,. Suppose X x Y e Uyx U, then the lower, upper and boundary approximations of
X x Y are defined as

Le(XxY)= |J {R(XY):R(XYy)c XxY}

(x,y)eXxy

U.(XxY)= |J ROGY):IRXY) N X XY =T}

(X,y)eXxY
B (X xY) =U. (X xY) =Ly (X xY)

Definition 2.7 : Let (Ul,rRl(X)) and (Uz,rR2 (Y)) are two nano topological spaces.

U1/R1xU5/R; is a partition of U;x U,. Suppose Xx Y € Ugx U, then
T (X xY)={Ux Uy, J, L, (X xY), U, (X xY), B, (X xY)} satisfies the following aixoms
) Upx Uyand P ez (X xY).
(i) The union of the elements of any subcollection of 7, (X xY) isin 7, (X xY).
(i) The intersection of the elements of any finite subcollection of 7, (X xY) isin 7, (X xY).
Thatis 7,(X xY) is a topology on U;x U, called the nano product topology on U;x U, with repect to
X xY . Wecall (Uyx Uz,rR(X xY') ) as the nano product topological space.
Definition 2.8% Let (U, 7, (X))and (V, 7 (Y))be nano topological spaces. Then the mapping
f:(U, 75 (X)) — (V, 74 (Y) ) is nano continuous on U if the inverse image of every nano open set in V is nano
open in U.
3 Nano Continuity in Nano Product Space :
Definition 3.1 Let (Uyx Uy, 7, (Ax B) ) and (V1x Vo, 7, (C x D)) are the nano product topological
spaces with respect to Ax B and C x D . The function f:(U;x Uy, 7,(Ax B)) — (Vix V2, 7,(Cx D))
is said to be nano continuous if the inverse image of every nano open setin Vix V5 is nano openin U;x Uj
Example 3.2 Let U; ={a,b, c} with U:1/R; ={{a}{b}.{c}}.
Let U, ={1,2,3,4} with U,/R, ={{1,4},{2,3}}.
U/R1x Ua/Rz ={{(a.1),(a.4)}{(a.2).(a,3)}{(b.1),(b,4)}.{(b,2), (b,3)}{(c.1).(c.4)}{(c.2)(c.3)}}
is a partition of Uyx Uy. Suppose Ax B={(a,1),(a,3),(a,4)} then
7 (AxB) = {Ux Uz, {(a,1),(a,4)}.{(a.1).(a2) (a3).(a,4)}.{(a,2),(a3)}}
Let Vi={I, m,n} with V1/R; ={{I},{m, n}}.
Let Vo= {x, y} with 72/R, = {{x}{y}}.
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V1/Ryx Vo/Ry ={{(1, ) },{(1, y) }.{(m, x), (n, x)},{(m, y), (n, y) }} is a partition of V1 xV,.
Suppose C x D ={(1,X), (I, y),(m, y)} then 7. (Cx D) = {V1xvo, &.{(I,x), (1, y)}.{(1, %), (1, y)(m, y),

(n, }{(m,y),(n,y)}}. Define the function f as f(a,1)=(l,x);f(a,2)=(m,y);f(a,3)=(n,y);
f(a,4)=(ly); f(b,1)=f(b,2)= f(b,3)=f(b,4)=(m,x); f(c,1)=f(c,2)=f(c,3)=f(a,4)=(n,x). The open set of VixVy

are Voxvo, & {(1, X), (1, )} .{(1, ), (I, y)(m, y), (n, y)} and {(m, y¥),(n, y¥) . The inverse image of these
opensetsare f{(I,x), (I, y)}={(a1),@4)}: F{m,y),(n y)}={@a2),.@3)}: f2{1,x),
A, y)(my),(n,y)} ={(a.1).(a,2),(a,3),(a,4)}; f (D)= and f *{UsxUs} = V1xV,. Inverse

image of the open sets are open in Uy x U,. Therefore the function in continuous.
Theorem 3.3 : Afunction f:(U;x Uy, 7, (Ax B)) — (V1xV2, 7, (C x D) ) is nano continuous if and
only if the inverse image of every nano closed set in V1xVs is nano closed in U;x U,

Proof : Let f be nano continuous and G be a nano closed set in V1xV,. Then (V1xV,)— G isanano
open set in V1xV,. Since f is nano continuous f’1(7/1>< 75)—G is nano open in Uyx U,. That is Uyx U, -
(f’l(G)) is nano open in Uyx Us,. Therefore f *(G) is nano closed in Uyx Uy. Thus inverse image of

every nano closed set in V1xV, is nano closed in U;x U,. Conversely, let inverse image of every nano closed

set is nano closed. Let F be a nano open set in VixV; then (V1xV,) — F is nano closed in VyxV,. Then
f 7(V1xVv,—F) is nano closed in Uyx Uy, that is Uyx Up— f (F) is nano closed in U;jx Up. Hence
f ’1(F) is nano open in Uyx U,. Thus f is nano continuous.
Theorem 3.4 : Afunction f:(U;x Uy, 7, (Ax B)) — (V1xV2, 7, (C x D) ) is nano continuous if and
only if f(Ncl(H)) < Ncl(f(H)) for every subset H of U;x U,.
Proof : Let f be nano continuous and H < U;x U, then f(H) < V1 x Va. Since f is nano
continuous and Nclf (H) is nano closed in Vy x V,, f 71 (Ncl(f (H))) is nano closed in V1 x V5. Since
f(H) < Nel(f(H)),(H) < f (NcI(f(H)). Since NclI(H) is the smallest nano closed set
containing H ,we get f (NCI(H)) < Ncl(f (H)).converselylet f (NcI(H)) < Ncl(f(H)) for every
subset H of Uyx Us,. Let G is nano closed in V3 x Vy. Since f (G) < Uyx Uy, T (NcI(f (G))) <
Nel(f (f *(G)) =Ncl(G). ThatisNcl(f *(G)) < fH(Ncl((G)) = f (G), since G is nano closed.
Thus Nel(f *(G)) < f(G),but f(G) < Nel(f*(G)) . Therefore Ncl(f *(G)) = f *(G).
Hence f ! (G) isnano closed in Uyx Uy for every nano closed set G in V1 x V5. Thus fis nano continuous.

Theorem 3.5 : Afunction f:(Uyx Uy, 7, (AxB)) — (V1x V2,7, (C x D) ) is nano continuous if
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and only if Ncl(f *(G)) < f _1(Nc|(G)) for every subset G of VqxV,.

Proof : Let f be nano continuous and G < V;xV; then Ncl(G)) is a nano closed set in VxV,.
Therefore f_l(Ncl(G)) is nano closed in Uyx Up. Hence Ncl[ f ~(Ncl(G))] =T _1(Nc|(G)) .Since G
< Ncl(G), f*G)c f*(Ncl(G)). Therefore Ncl(f *(G)) =Ncl(f *(Ncl(G)))= f!
(NcI(G)) . Hence Nel(f 1(G)) =f*(Ncl(G)) . Conversely, let NcI(f (G)) < f *(NcI(G)) for
every G of VixVa. If G isnano closed in V1xVy, then Ncl(G) = (G). By our assumption Ncl(f 7(G))
c f_l(Ncl(G)) = f*(G).since f(G,) < Ncl(f*(G,). Therefore NcI(f *(G)) = f *(G) .

That is f’l(G) is nano closed in U;x U, for every nano closed set G of VixVy. Therefore f is nano
continuous.

Theorem 3.6 : A function f:(Uyx Uy, 7,(AxB)) — (VixV,,7,(C x D)) is nano continuous if
and only if f_l(Nint(G)) < Nint(f 7(G) for everysubset G of V1xV,.

Proof : Let fbe nano continuousand G < V1xVathen Nint(G)) is nano open in V{xVy. Therefore
f _1(Nint(Gl)) is nano open in Uyx Us. Hence Nint[ f ~*(Nint(G,))] = f “(Nint(G)) . since Nint(G)
c 6, f(Nint(G)) < f*(G). Therefore Nint[f *(Nint(G))] < Nint(f *(G). Hence
f (Nint(G)) < Nint(f *(G)). Conversely, let f *(Nint(G)) < Nint(f *(G)) for every subset
G of VixV,. If G isopen in Vixv, then Nint(G) = (G) andalso f¢—1)Nint(v) < Nint(f *(G)).
Thatis f (G) < Nint(f *(G)).Thus f *(G) isnanoopen in U;x U, for every subset G of VyxVs.

Theorem 3.7 : Let (Uyx Uy, 7, (Ax B) ) and (V1xV,, 7, (C x D) ) are the nano product topological
space with respect to AxB and CxD then for any function f:(Uyx Uy, 7,(AxB)) —

(V1xVo, 7, (C x D)) the following are equivalent
() fisnano continuous
(i) The inverse image of every nano closed set in V{xV; is nano closed in U;x U,

i) f(Ncl(H)) < Ncl(f(H)) for every subset H of U;x U,.
(iv) f'l(Nint(H)) < Nint(f (G)) for every subset G of V1xV,.

4 Nano Homeomorphism in Nano Product Space :
Here we introduce the notion of a topological mapping between two topological spaces U;x U, and

V1%V, and the properties are discussed.

Definition 4.1 Let (U;x Uy, 7, (Ax B)), (V1xV2, 7, (C x D)) are the nano product topological



M. Lellis Thivagar, et al. 281

space with respect to Ax B and C x D .The function f:(U;x Uy, 7, (AxB)) — (VixVa,7,(C x D)) is

said to be nano homeomorphism if
(i) fis1-1 andonto

(ii) fis nano-continuous

(iii) fis nano-open

Example 4.2 Let Uy ={a,b, c} with U;/R, ={{a},{b,c}}.
Let Uy ={1,2,3} with U»/R, ={{1,2},{3}}.
U/RixU,/R, ={{(a,1),(a,2)}.{((a,3)}.{(b,1),(b,2),(c,1),(c,2)}.{(b,3)(c,3)}} is a partition of
Uy x U,. Suppose Ax B=9{(a,1),(a,2),(b,1)} then
T (AxB) = {UixUz,0,{(a,1),(a,2)}.{(a,1),(a,2),(b,1), (b.,2),(c.1),(c,2)}.{(b.,1), (b.2), (c.1),
(c.2)}}

LetVy ={x, y, z} with "YRy = {{x},{y, 2}} Let Vo = {I, m, n} with Vo/R, = {{I, m},{n}}.
V1/R1xUa/Ry ={{(x, 1), (x, m)}.{(x,n)}.{(y. 1), (y,m), (z,1),(z,m)},{(y,n). (z,n)}} is apartition
of V1xV,. Suppose C x D ={(X,1),(x,m),(y,1)} then
7R (Cx D) ={Vpxv2, @ {(x, 1), (x,m)}{(x, 1), (x,m), (v, 1), (y. m), (z,1), (z,m)}{(y. 1), (y, m),
(z,1),(z,m)}}. Define the function f as f(a,1)=(x,1);f(a,2)=(x,m); f(a,3)=(x,n); f(b,1)=(y,1);f(b,2)=(y,m)
f(b,3)=(y,n); f(c,1)=(z,1);f(c,2)=(z,m);f(c,3)=(z,n). The function is a homeomorphism.

Theorem 4.3 Let f:(U1x Up, 7, (Ax B)) — (V1xV, 7, (C x D) ) be a 1-1 and onto function. The

function f is a nano homeomorphism if and only if f is hano closed and nano continuous.
Proof : Let f be a nano homeomorphism. Then f is nano continuous. Let H be nano closed subset of

(Ugx Uz,rR(Ax B)). Then (U;xU,—H) is nano open in Uyx Us,. Since the functio f is nano open
f(Uyx Uz — H) isnanoopen in V1xV,. That is V1xV; - f(H) is nano-open in V1 xVy, Hence f(H) is nano closed
in VxVy. Therefore f is nano-closed. Conversly, suppose f is nano-closed and nano-continuous. Let G be a
nano-open set in U;x Up. Then (U;x Uy —G) is nano closed in Uyx Uy. Since f is nano-closed, f(Ujx

U, —G) =VixV,— f(G) and it is closed in V1xV,. Therefore f(G) is nano-open in V1xV,. Thus f is nano-
open and hence fis a nano homeomorphism.
Theorem 4.4 Let f:(Uyx Up, 7, (Ax B)) — (V1xV2,7,(C x D) ) be a 1-1 and onto function. The

function f is a nano homeomorphism if and only if f (NcI(A)) = Ncl[ f (A)] for every subset A of Uy x U,.
Proof : Suppose f isananohomeomorphismthen f isnano continuous and nano closed. Since f
is nao continuous, f (Ncl(A)) < Ncl[f (A)] for A < U;x U,. Since f isnano closed and Ncl(A) is
nano closed, f (Ncl(A)) is nano closed in V1xV,. Hence we get Ncl(f (Ncl(A))) = f (Ncl(A)). Since
AcNcl(A), f(A) < f(Ncl(A)) and hence Ncl( f (A)) < Ncl[ f (Ncl(A))] = f (Ncl(A)). Therefore
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Ncl(f(A)) < f (Ncl(A)).Hence f (Ncl(A)) = Ncl[f(A)]. Conversely, suppose f (N cl(A)) =
Ncl[ f (A)] for every subset A of Uyx Uy, then f is nano continuous. If A is a nano closed set in Uyx Uy,
Ncl(A) = A which gives f (Ncl(A)) = f(A).Hence Ncl(f (A)) = f(A). Therefore f(A) isnano
closed in V1xV,, forevery A nano closed set in U;x U,. Therefore f is nano closed and nano continuous,
hence f isananohomeomorphism.

5. Projection mapping in Nano product Space :
In this section we discuss the method of finding Nano quotient topology using nano projection

mapping.

Definition 5.1 : Let (Uyx Uz,rR(X x'Y) ) be a nano product topological space. The mapping P :
Usx Uz — (Ugx Up)/r wherer is an equivalance relation on Uyx Uy defined by p(X, y)=r(X,y) for all
(x,y) € Uyx Uy is called nano projection of Uyx U, onto (Uyx Uy)/r. Since each (x,y) e Uix Us belongs
to exactly one equivalence class, P is well defined and surjective.
Let 7(p) ={G(UixUx)/r :p™(G) et (X xY)}. 7(p) is a nano topology on (U1x Up)/r and it is
called as nano quotient topology.

Example 5.2 Let U; ={a,b,c} with Uy/R; ={{a},{b},{c}}.
Let U, ={1,2,3} with Uo/R, ={{1},{2,3}}.
Us/RixUa/Rz ={{(a,1)}{(a,2),(a,3)}{(b.1)}.{(b.2),(b,3)}{(c,1)}.{(c.2)(c,3)}} is a partition
of Uy xUy. Suppose Ax B ={(a,2),(b,2)} then
75 (AxB) = {Uix Uz, J,{(a,2), (@,3), (b,2), (b,3)}}. Let r be an equivalence relation on U;x U, and

(U up)/r= {{(a,1)}{(a.2),(a,3)}.{(b,1).(c.1)}}.{(0,2), (0.3).(c.2)(c.3)}}-
Let P: (Uixtz) > (Uixt)/r as p((a1)= {(a,1)}; p((a,2)) = {@2).@@3)} = p(a,3); p((b,1)) =
{(b,1).(c.1)}= p(c.1); p((b,2))= p((b.3))={(b,2),(b,3),(c,2)(c,3)} =p((c.2))=p((c.3)) then z(p) =
{Uyx ux, o}
Remark 5.3 :
1 Iftheequivalance relations R and r are equal then the nano topology defined on U;xU and 70 are one at
the same.
If the equivalance relations R and r are different then 7(p) < 7,(X xY)
In general the cannonical projection p is continuous and surjective but in nano topology it is surjective, not
continuous.

4. If the equivalance relations R and r are equal then p is continuous.
Theorem 5.4 (Quotient mapping theorem in Nano product space)

Let (UyxUp, 7,(AxB)),(V1xV2, 7, (CxD)) be nano product topological spaces. If f
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(UpxUz, 7, (Ax B)) — (V1xVy, 7, (C x D)) iis continuous and relation preserving then the function f :
(Upxu)/R — (V1xVo)/R' definedas f ™ (R[x, y])= R'(f [x, y]) is continuous.

Proof : The projection mappings P UixUy — (UxUp)/R and p™: Vixv, — (V1xVp)/R are
continuous. Since f, f~, p, p~ aresurjective, wehave f o p = p“o f .Since p” and f are continuous
p* o f is continuous. Therefore f o p is also continuous. Hence f " is continuous.

U2 ——————p V2

\J
U1xU2R ——p VIVIR

Cuotient mapping theorem in Nano product space
Conclusion

Here we introduced the nano continuous mapping, nano homeomorphism, nano projection mapping in
nano product topology and discussed their properties. This can be further extended to introduce some weak
nano continuous functions and the real life application.
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