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Abstract--- In this article, we find the reliability of the serial system and the parallel system of n components when the reliability of the 
subsystems 𝑹𝒋 are unknown. Using statistical point estimates, the reliability of the systems are examined. Consider the statistical data for the 
subsystems 𝑷𝒋 is 𝑹𝒋𝒒 ∈  [𝟎, 𝟏], 𝒒 = 𝟏, 𝟐, . . . , 𝒏𝒋. Let 𝑹𝒋 (unknown) be the population reliability of the subsystem 𝑷𝒋 and find the average value 𝑅𝑗̅. 
From the statistical point of view, this 𝑅𝑗̅ is a point estimate of 𝑹𝒋. Use 𝑅𝑗̅ instead of the reliability of 𝑷𝒋. Since the probability distribution of the 
error between the point estimate 𝑅𝑗̅ and 𝑹𝒋 is unknown, use the statistical confidence interval of 𝑹𝒋 instead. Corresponding to this confidence 
interval, we characterize the pentagon fuzzy number. Signed distance method is used for defuzzi cation. Finally estimation of the reliability of 
the serial system and the parallel system is illustrated by examples. 
  
Keywords--- Fuzzy Reliability, Statistical Data, Statistical Con Dence Interval, Signed Distance, Pentagon Fuzzy Number, Point Estimation. 

 

I . INTRODUCTION 

 

Fuzzy set theory has been studied extensively over the past 30 years. Most of the early interest in fuzzy set theory pertained 

to representing uncertainty in human cognitive processes. Fuzzy set theory is now applied to problems in engineering, 

business, medical and related health sciences, and the natural sciences.The reliable engineering is one of the important 

engineering tasks in design and development of technical system. The conventional reliability of a system is defined as the 

probability that the system performs its assigned function properly during a predefined period under the condition that the 

system behavior can be fully characterized in the context of probability measures. The reliability of a system can be 

determined on the basis of tests or the acquisition of operational data. However, due to the uncertainty and inaccuracy of 

this data, the estimation of precise values of probabilities is very difficult in many systems (e.g. power system, electrical 

machine, hardware etc., Hammer (2001) [6], El-Hawary (2000) [7]). For this reason the fuzzy reliability concept has been 

introduced and formulated in the context of fuzzy measures. The basis for this approach is constituted by the fundamental 

works on fuzzy set theory of Zadeh (1978) [16], Dubois and Prade (1980) [1], Zimmerman (1986) [17] and other. It is an 

essential tool for formulating the mathematical information of imprecise nature. The theory of fuzzy reliability was 

proposed and developed by several authors, Cai, Wen and Zhang (1991, 1993) [2-3]; Cai (1996) [4]; Chen, Mon (1993) [5]; 

Hammer (2001) [6]; El-Hawary (2000) [7], Onisawa, Kacprzyk (1995) [12]; Utkin, Gurov (1995) [14]. The recent 

collection of papers by Onisawa and Kacprzyk (1995) [12], gave many different approach for fuzzy reliability. This study 

presents a new method to analyze fuzzy system reliability using fuzzy number arithmetic operations based on statistical 

data. In this study statistical methodology is applied.Using statistical approach the fuzzy system is defuzzified and the 

reliability of the system is estimated in the fuzzy sense. 
 
In section 2, some properties of fuzzy sets are given. Theses properties will be used in section 3 and 4. In section 3.1, a 

statistical point estimates are used to examine the reliability of the serial system and that of the parallel system in the crisp 

case. In section 3.2, the concept of the statistical confidence interval converted to a pentagon fuzzy number is applied, and 

then the reliability of the two systems are described in the fuzzy sense. Numerical examples are illustrated in section 4 and 

the results are discussed in section 5. 

 
II. PENTAGON FUZZY NUMBERS AND SIGNED DISTANCE OF FUZZY SETS ON R 

 

For the fuzzy system reliability analysis using the pentagon fuzzy numbers, the following definitions are needed. 
 
 
      1) Definition: A fuzzy number M is defined to be a Pentagon Fuzzy Number (PFN) if its membership function  

𝜇𝑀 ∶ 𝑅 ⟶ [0,1] is defined by 
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𝜇𝑀(𝑥) =

{
 
 
 
 

 
 
 
 
1

2
(
𝑥 − 𝑎

𝑏 − 𝑎
)                  𝑓𝑜𝑟           𝑥 ∈ [𝑎, 𝑏]

1

2
+
1

2
(
𝑥 − 𝑏

𝑐 − 𝑏
)           𝑓𝑜𝑟           𝑥 ∈ [𝑏, 𝑐]

1

2
+
1

2
(
𝑑 − 𝑥

𝑑 − 𝑐
)           𝑓𝑜𝑟           𝑥 ∈ [𝑐, 𝑑]

1

2
(
𝑒 − 𝑥

𝑒 − 𝑑
)                  𝑓𝑜𝑟           𝑥 ∈ [𝑑, 𝑒]

0                    𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒                   }
 
 
 
 

 
 
 
 

 

 

This fuzzy number is denoted by (𝑎, 𝑏, 𝑐, 𝑑, 𝑒) where 𝑎 ≤ 𝑏 ≤ 𝑐 ≤ 𝑑 ≤ 𝑒. 
 
      2) Definition: A fuzzy set is called a level fuzzy interval, where 0 ≤ 𝛼 ≤ 1 and we denote it by [𝑝, 𝑞; 𝛼], if its 
membership function is 
 

                                                                                    𝜇 [𝑝,𝑞;𝛼](𝑥) = {
𝛼,          𝑖𝑓       𝑝 ≤ 𝑥 ≤ 𝑞 
𝑜,             𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒        

}                (1) 

 

 

3) Definition: The family of all fuzzy sets on 𝑅 which we denote as 𝐹𝑠 satisfies the following two conditions. 

 

Let 𝐷̃ ∈ 𝐹𝑠. Then 𝐷 ̃satisfies (1) and (2) below. 

 

i)   The left and right hand side of the 𝛼 - level set of 𝐷̃, 𝐷𝑙(𝛼) and  𝐷𝑢(𝛼) exist. We denote it as 

      𝐷(𝛼) = [ 𝐷𝑙(𝛼), 𝐷𝑢(𝛼)]. 
ii)  𝐷𝑙(𝛼) and  𝐷𝑢(𝛼)are integrable for 𝛼 ∈  [0,1]. 
 
       4) Definition: The left and right hand side of the 𝛼 - level set of pentagon fuzzy number  

𝐷̃ =  (𝑎1, 𝑏1, 𝑐1, 𝑑1, 𝑒1) are 

 

𝐷𝑙(𝛼) = 𝑎1 + (𝑐1 − 𝑏1)𝛼 

𝐷𝑢(𝛼) = 𝑒1 − (𝑑1 − 𝑐1)𝛼 
 

 

      5) Definition: Let 𝑎, 0 ∈  𝑅. The signed distance of the point a from 0 is 𝑑∗ (𝑎, 0) = 𝑎. 

Let [𝑎, 𝑏]  ∈  𝑅. The signed distance of the closed interval [𝑎, 𝑏] from 0 is 

 

𝑑∗ ([𝑎, 𝑏], 0)  =  1/2(𝑎 +  𝑏). 
 

By decomposition theorem,  𝐷̃ = ⋃ 𝛼𝐼𝐷(𝛼), 𝐼𝐷(𝛼)0≤𝛼≤1  is the characteristic function of the 𝛼 - level 

set 𝐷(𝛼). 
 

By preliminaries, we get 𝐼𝐷(𝛼)(𝑥) = 𝜇[𝐷𝑙(𝛼),𝐷𝑢(𝛼);𝛼](𝑥)∀𝑥 ∈ 𝑅. Therefore, we have 

 

 

                                                               𝐷̃ = ⋃ [𝐷𝑙(𝛼),𝐷𝑢(𝛼); 𝛼]0≤𝛼≤1 .                           (2) 

 

 

By preliminaries, for each 𝛼 ∈ [0,1], the signed distance of the interval [𝐷𝑙(𝛼),𝐷𝑢(𝛼); 𝛼] from 0 by 

 

                                     𝑑∗ ([𝐷𝑙(𝛼),𝐷𝑢(𝛼)], 0)  =  1/2[𝐷𝑙(𝛼) + 𝐷𝑢(𝛼)]                             (3) 

 

For each 𝛼 ∈ [0,1], [𝐷𝑙(𝛼),𝐷𝑢(𝛼)] and [𝐷𝑙(𝛼),𝐷𝑢(𝛼); 𝛼] are  one-to-one mappings. Similarly, 0 and 0̃are also  one-

to-one mappings. Therefore, from [3], the signed distance from [𝐷𝑙(𝛼), 𝐷𝑢(𝛼); 𝛼] to 0̃ is 

 

𝑑∗ ([𝐷𝑙(𝛼),𝐷𝑢(𝛼)], 0̃)  =  1/2[𝐷𝑙(𝛼) + 𝐷𝑢(𝛼)]                             (4) 
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By preliminaries, ∫ 𝐷𝑙(𝛼)𝑑𝛼
1

0
 and ∫ 𝐷𝑢(𝛼)𝑑𝛼

1

0
 both exist. 

 

      6) Definition: Let 𝐷̃ ∈ 𝐹𝑠. By [2] and [4] the signed distance of 𝐷̃ measured from 0̃ as 

 

𝑑(𝐷̃, 0̃) = 1/2∫(𝐷𝑙(𝛼),𝐷𝑢(𝛼))𝑑𝛼

1

0

 

Let 𝐴̃ =  (𝑎1, 𝑏1, 𝑐1, 𝑑1, 𝑒1), 𝐵̃ =  (𝑎2, 𝑏2, 𝑐2, 𝑑2, 𝑒2) where 0 < 𝑎1 < 𝑏1 < 𝑐1 < 𝑑1 < 𝑒1 and  

0 < 𝑎2  < 𝑏2  < 𝑐2  < 𝑑2  < 𝑒2, be two pentagon fuzzy numbers. By definition 4, their left endpoints and right endpoints 

of the 𝛼 - cut are 

 

𝐴𝑙(𝛼) = 𝑎1 + (𝑐1 − 𝑏1)𝛼 

𝐴𝑢(𝛼) = 𝑒1 − (𝑑1 − 𝑐1)𝛼 

𝐵𝑙(𝛼) = 𝑎2 + (𝑐2 − 𝑏2)𝛼 

and 𝐵𝑢(𝛼) = 𝑒2 − (𝑑2 − 𝑐2)𝛼 

 

respectively, where 0 ≤ 𝛼 ≤ 1  and 0 ≤ 𝐴𝑙(𝛼) ≤ 𝐴𝑢(𝛼), 0 ≤ 𝐵𝑙(𝛼) ≤ 𝐵𝑢(𝛼).  For _ 2 [0,1], we obtain 

 

𝐴̃⨂𝐵̃ = ⋃ [(𝑎1 + (𝑐1 − 𝑏1)𝛼)0≤𝛼≤1  (𝑎2 + (𝑐2 − 𝑏2)𝛼) 

                                                                        (𝑒1 − (𝑑1 − 𝑐1)𝛼)(𝑒2 − (𝑑2 − 𝑐2)𝛼)]                  (5) 

 
III. FUZZY SYSTEM RELIABILITY USING PENTAGON FUZZY NUMBERS 

 
In this section, the general serial system and the parallel system using the statistical data are discussed. Fig.1 represents the 
subsystems of a serial system, which are 𝑃1, 𝑃2, … , 𝑃𝑛. Let 𝑅1, 𝑅2, … , 𝑅𝑛(0 ≤ 𝑅𝑗 ≤ 1, 𝑗 = 1,2, . . . , 𝑛) are the reliabilities of  
𝑃1, 𝑃2, … , 𝑃𝑛 respectively. Then the reliability of serial system is 
 
 
                                                                                                   ∏ 𝑅𝑗

𝑛
𝑗=1                                        (6) 

 
 
Similarly, Fig.2 represents the subsystems of a parallel system, which are 𝑃1, 𝑃2, … , 𝑃𝑛. Then reliability of parallel system is 
 

                                                                                   1 − ∏ (1 − 𝑅𝑗
𝑛
𝑗=1 )                                       (7) 

 
 

Suppose that 𝑅𝑗, 𝑗 = 1,2, . . . , 𝑛 are unknown and for each subsystems 𝑃𝑗 , 𝑗 = 1,2, , . . . , 𝑛, we can get n records 

     
    
    
   

Figure 1: Configuration of serial system. 
  
 
 
 
 
 
 

Figure 2: Configuration of parallel system 

 

 

 
of reliability of 𝑃𝑗. We use statistical point estimates to examine the reliability of the serial system and that of the parallel 

system. 
 

For this, let us consider that each subsystem 𝑃𝑗 is of size 𝑛𝑗, 𝑗 = 1,2, . . . , 𝑛 and denote its statistical data by 

 𝑅𝑗𝑞 ∈  [0,1], 𝑞 = 1,2, . . . , 𝑛𝑗. Let 𝑅𝑗 (unknown) be the population reliability of the subsystem 𝑃𝑗. 
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A. Reliability of Serial System and Reliability of Parallel System Using Point Estimates 

 

For subsystem 𝑃𝑗, using the statistical data 𝑅𝑗𝑞 , 𝑞 = 1,2, . . . , 𝑛𝑗, we can find their average value. Let  

 

𝑅̅𝑗 = (1/𝑛𝑗)∑ 𝑅𝑗𝑞 ∈  [0,1].
𝑛𝑗
𝑞=1    From the statistical point of view, we know that 𝑅𝑗 is a point estimate of 𝑅̅𝑗. Therefore, we 

use 𝑅̅𝑗 instead of the reliability of 𝑃𝑗. 

 

Results: Let 𝑅𝑗 (unknown), 𝑗 = 1,2, . . . , 𝑛 be the population reliability of the subsystem 𝑃𝑗. Then from the point estimate 

𝑅̅𝑗of 𝑅𝑗, we have 

 

 
(1) The reliability of the serial system is 

                                                                                        ∏ 𝑅̅𝑗
𝑛
𝑗=1                                        (8) 

 (2) The reliability of the parallel system is 

                             1 − ∏ (1 − 𝑅̅𝑗
𝑛
𝑗=1 )                                       (9) 

 

 

B. Fuzzy System Reliability Using Pentagon Fuzzy Numbers 

 
 
Because of the probability distribution of the error between the point estimate 𝑅̅𝑗 and 𝑅𝑗 is unknown, instead the statistical 
confidence interval of 𝑅𝑗 used. Let 
 
                 0 <   𝛾𝑘  <  1, k =  1, 2, 0 <  γ <  1 and 𝛾1 + 𝛾2 = 𝛾                               (10) 
 

The (1 − 𝛾 ) % confidence interval of 𝑅̅𝑗, 𝑗 = 1,2, . . . , 𝑛 is 

 

                             [𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1)(𝑠𝑗/√𝑛𝑗), 𝑅̅𝑗 + 𝑡𝑛𝑗−1(𝛾2)(𝑠𝑗/√𝑛𝑗)],                           (11)      

 

Where 𝑠𝑗
2 = 1/(𝑛𝑗 − 1)∑ (𝑅𝑗𝑞 − 𝑅̅𝑗)

2𝑛𝑗
𝑞=1 .  Let T be a t-distributed random variable with 𝑛𝑗 − 1 degree 

of freedom. Then   𝑡𝑛𝑗−1(𝛾𝑘)  satisfies 𝑝 (𝑇 ≥ 𝑡𝑛𝑗−1(𝛾𝑘)) = 𝛾𝑘 , 𝑘 = 1,2 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

                                                Figure 3: Pentagon Fuzzy Number 𝑅𝑗. 
 
The decision maker not only chooses 𝛾1 and 𝛾2to satisfy [10], but also satisfies the following conditions for 
 𝑗 = 1,2, . . . , 𝑛, 
    0 < 𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1)(𝑠𝑗/√𝑛𝑗) < 1   

 and                                 0 < 𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾2)(𝑠𝑗/√𝑛𝑗) < 1 
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The decision maker must take a suitable value from [11] as an appropriate point estimate of 𝑅𝑗 . [11] is an interval 

and is not a value. Therefore, we can not consider this problem by using the statistical point of view. Instead, we use 

the fuzzy point of view in the following: 

 
From the Fig.3, we consider 

                                                    𝑎 = 𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1)(𝑠𝑗/√𝑛𝑗)  

    𝑏 = (
1

2
) [2𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1)(𝑠𝑗/√𝑛𝑗)] 

    𝑐 = 𝑅̅𝑗 

    𝑑 = (
1

2
) [2𝑅̅𝑗 + 𝑡𝑛𝑗−1(𝛾2)(𝑠𝑗/√𝑛𝑗)] 

    𝑒 = 𝑅̅𝑗 + 𝑡𝑛𝑗−1(𝛾2)(𝑠𝑗/√𝑛𝑗) 

 
If the decision maker takes a value that coincides with c, then the error is 0. The error is bigger, when the value 
deviates from c farther from both sides of c. 
 
If the value lies at one of the two endpoints a and e the error will attain a maximum. If the value lies at any one of the 
points b and d, then the error will occur at the midpoint of 0 and maximum error value. 
 
From the fuzzy point of view, we can transform the error into a confidence level. If the error is 0, then the confidence 
level is 1. The confidence level is lesser, when the farther the value is from both side of c. 
 
At the two endpoints a and e, the confidence level will be minimized to 0. Since the error of b and d occur at the 
midpoint of 0 and maximum error value, the confidence level will attain its value between 1 and minimum. But here 

we set it to be 0. Therefore, at the midpoints b and d, the confidence level will be 0.5. 
 

Corresponding to the interval in [11], we characterize the pentagon fuzzy number as follows, 
 

                                                        𝑅𝑗̃ = (𝑎, 𝑏, 𝑐, 𝑑, 𝑒)    

                                                             = (𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1)(𝑠𝑗/√𝑛𝑗),  

                                                                 (
1

2
) [2𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1) (

𝑠𝑗

√𝑛𝑗
)] , 𝑅̅𝑗, 

                                                                 (
1

2
) [2𝑅̅𝑗 + 𝑡𝑛𝑗−1(𝛾2) (

𝑠𝑗

√𝑛𝑗
)], 

                                                                  𝑅̅𝑗 + 𝑡𝑛𝑗−1(𝛾2)(𝑠𝑗/√𝑛𝑗))                                  (13) 

From Fig.3, the membership grade of c in 𝑅𝑗̃ is 1. The farther the point in intervals a, b from both sides of c, the 

membership grade is lower. 
 
The membership grade and the confidence level have the same properties. 
 
Therefore, if we make a correspondence between membership grade and confidence level, it is reasonable to set up a 
pentagon fuzzy number in [13] corresponding to [11]. 
 

By preliminaries, we get 

𝑅𝑗
∗ = 𝑑(𝑅𝑗̃, 0̅) = 𝑅𝑗̃ + (

3

8
) [𝑡𝑛𝑗−1(𝛾2) − 𝑡𝑛𝑗−1(𝛾1)] (𝑠𝑗/√𝑛𝑗) 

 
which belongs to the interval in [11] 
 

This is the estimate value of 𝑅𝑗 from a fuzzy point of view. When 𝛾1 = 𝛾2 = 𝛾/2, then 𝑅𝑗
∗ = 𝑅̅𝑗  for each  

𝑗 ∈ {1,2, . . . , 𝑛}. The 𝛼- level set of 𝑅̅𝑗, 0 ≤ 𝛼 ≤ 1 is 

 

                                                                         [𝑅𝑗𝑙(𝛼), 𝑅𝑗𝑢(𝛼)],                                                   (14) 

where 

 

𝑅𝑗𝑙(𝛼) = 𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1)(𝑠𝑗/√𝑛𝑗)  

+{𝑅̅𝑗 − [2𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1) (
𝑠𝑗

√𝑛𝑗
)]/2}𝛼  
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and 𝑅𝑗𝑢(𝛼) = 𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾2)(𝑠𝑗/√𝑛𝑗)  

+{[2𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾2) (
𝑠𝑗

√𝑛𝑗
)]/2 − 𝑅̅𝑗}𝛼                        (15) 

 

𝑅𝑗̃ = ⋃ [𝑅𝑗𝑙(𝛼), 𝑅𝑗𝑢(𝛼); 𝛼], 𝑗 = 1,2,… , 𝑛.0 ≤𝛼≤1        (16) 

 

      1) Theorem:Using the pentagon fuzzy numbers 𝑅̅𝑗, 𝑗 = 1,2, . . . , 𝑛, in [13] we have the fuzzy system reliability as follows.  
(1). Fuzzy reliability of the serial system is 

 

                                       𝑅1̃⨂𝑅2̃⨂…⨂𝑅𝑛̃  = ⋃ [∏ 𝑅𝑗𝑙(𝛼)
𝑛
𝑗=1 , ∏ 𝑅𝑗𝑢(𝛼)

𝑛
𝑗=1 ; 𝛼],0 ≤𝛼≤1                    (17) 

 

Where 𝑅𝑗𝑙(𝛼), 𝑅𝑗𝑢(𝛼) are given in [15]. 

(2). Fuzzy reliability of the parallel system is  

 

1̃ ⊝ [(1̃ ⊝ 𝑅1̃)⨂(1̃⊝ 𝑅2̃)⨂…⨂(1̃ ⊝ 𝑅𝑛̃)] 

                                                          = ⋃ [1 − ∏ 𝑄𝑗𝑢(𝛼)
𝑛
𝑗=1 , 1 − ∏ 𝑄𝑗𝑙(𝛼)

𝑛
𝑗=1 ; 𝛼],0 ≤𝛼≤1                    (18) 

where 

   𝑄𝑗𝑙(𝛼) = 1 − {𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾2)(𝑠𝑗/√𝑛𝑗) 

−{[2𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾2) (
𝑠𝑗

√𝑛𝑗
)]/2 − 𝑅̅𝑗}𝛼}  

and 𝑄𝑗𝑢(𝛼) = 1 − 𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1)(𝑠𝑗/√𝑛𝑗) 

+{𝑅̅𝑗 − [2𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1) (
𝑠𝑗

√𝑛𝑗
)]/2}𝛼}    

0 ≤ 𝛼 ≤ 1, 𝑗 = 1,2, . . . , 𝑛 .  
 

Proof : 

  
(1). From Equations (12) and (15), for each 𝑗 = 1,2, . . . , 𝑛 we have 0 <  𝑅𝑗𝑙(𝛼) ≤  𝑄𝑗𝑢(𝛼), for all 𝛼 ∈ [0,1]. We get (1). 
 

 (2). We have 1̃  = (1,1,1,1,1). By [15], 
 
we obtain 

 

 

1̃ ⊝ 𝑅𝑗̃ = ⋃ [𝑄𝑗𝑙(𝛼), 𝑄𝑗𝑢(𝛼); 𝛼],

0 ≤𝛼≤1

 𝑗 = 1,2, . . . , 𝑛, 

where 
 

       𝑄𝑗𝑙(𝛼) = 1 − {𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾2)(𝑠𝑗/√𝑛𝑗)  

−{[2𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾2) (
𝑠𝑗

√𝑛𝑗
)]/2 − 𝑅̅𝑗}𝛼}  

and 𝑄𝑗𝑢(𝛼) = 1 − 𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1)(𝑠𝑗/√𝑛𝑗) 

+{𝑅̅𝑗 − [2𝑅̅𝑗 − 𝑡𝑛𝑗−1(𝛾1) (
𝑠𝑗

√𝑛𝑗
)]/2}𝛼}     

0 ≤ 𝛼 ≤ 1.  
 

From [12], we get 0 <  𝑄𝑗𝑙(𝛼)  <  𝑄𝑗𝑢(𝛼), for all 𝛼 ∈ [0,1] and 𝑗 = 1,2, . . . , 𝑛. 
 
We have 

[(1̃ ⊝ 𝑅1̃)⨂(1̃⊝ 𝑅2̃)⨂…⨂(1̃ ⊝ 𝑅𝑛̃)] 

                                                          = ⋃ [1 − ∏ 𝑄𝑗𝑙(𝛼)
𝑛
𝑗=1 , 1 − ∏ 𝑄𝑗𝑢(𝛼)

𝑛
𝑗=1 ; 𝛼].0 ≤𝛼≤1  

We obtain 

 

[(1̃ ⊝ 𝑅1̃)⨂(1̃⊝ 𝑅2̃)⨂…⨂(1̃ ⊝ 𝑅𝑛̃)] 
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         = ⋃ [1 − ∏ 𝑄𝑗𝑢(𝛼)
𝑛
𝑗=1 , 1 − ∏ 𝑄𝑗𝑙(𝛼)

𝑛
𝑗=1 ; 𝛼].0 ≤𝛼≤1  

This completes the proof of (2). 

     2) Theorem: Under the condition of Theorem 3.1, we have the following results. 
 
(1). By definition 6, we can defuzzify [17] to get the estimate reliability of serial system in the fuzzy sense as follows, 

                                               𝑑(𝑅1̃⨂𝑅2̃⨂…⨂𝑅𝑛̃, 0̃) = (1/2)∫ [∏ 𝑅𝑗𝑙(𝛼)
𝑛
𝑗=1 +∏ 𝑅𝑗𝑢(𝛼)

𝑛
𝑗=1 ; 𝛼]𝑑𝛼

1

0
  

 
 (2). By definition 6, we can defuzzify [18] to get the estimate reliability of parallel system in the fuzzy sense as follows, 
 

𝑑(1̃ ⊝ [(1̃ ⊝ 𝑅1̃)⨂(1̃⊝ 𝑅2̃)⨂…⨂(1̃ ⊝ 𝑅𝑛̃), 0̃]) 
 

                                                      = (1/2) ∫ [(1 − ∏ 𝑄𝑗𝑢(𝛼)
𝑛
𝑗=1 + 1 −∏ 𝑄𝑗𝑙(𝛼)

𝑛
𝑗=1 )]𝑑𝛼

1

0
  

 
 
Proof: By Theorem 3.1 and definition 6, we have desired result. 
 

IV. NUMERICAL EXAMPLES 

 
      1) Example: Consider the following serial system and parallel system. 

In Jing et al [8], let  𝛾 =  0.02, 𝛾1 =  0.011, 𝛾2 =  0.009.  

Here 𝑅̅𝑗 = (1/𝑛𝑗)∑ 𝑅𝑗𝑞
𝑛𝑗
𝑞=1  and 𝑠𝑗

2 = (1/𝑛𝑗 − 1)∑ (𝑅𝑗𝑞 − 𝑅̅𝑗
2
)

𝑛𝑗
𝑞=1

 

 

From the table of the t-distribution with 𝑛𝑗 − 1 degrees of freedom, 𝑗 = 1,2,3, we get the following data. 

 

𝑡9(𝛾1) =  2.7017, 𝑡19(𝛾1) = 2.5212, 𝑡14(𝛾1) =  2.5921, 𝑡9(𝛾2) =  2.9068, 𝑡19(𝛾2) =  2.6034, 
𝑡14(𝛾2)  =  2.6946. 

 
 

 

 

                                                                      Figure 4: Serial System 

 

                                                        
 

Table 4.1. Statistical Data. 

 

 
                                        

    Table 4.2. Two Endpoints and Midpoints of Pentagon Fuzzy Numbers 
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Figure 5: Parallel System 

where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 are represent in [13]. 
 
From Tables 4.1 and 4.2 we have the following pentagon fuzzy numbers, 

𝑅1̃ = (0.7829,0.7914,0.8,0.8092,0.8184), 𝑅2̃  =  (0.7331,0.7415,0.75,0.7587,0.7675), 
 

𝑅3̃
̃  =  (0.8933,0.8967,0.9,0.9035,0.9070). 

 
 
 
From [15], the  𝛼 -level fuzzy sets of 𝑅𝑗̃, 𝑗 = 1,2,3 for 0 ≤ 𝛼 ≤ 1 are 
 

𝑅̅1𝑙(𝛼) =  0.7829 + 0.0086 , 𝑅̅1𝑢(𝛼) =  0.8184 − 0.0092 , 𝑅̅2𝑙(𝛼)  =  0.7331 + 0.0085 , 
 𝑅̅2𝑢(𝛼)   =  0.7675 − 0.0087 , 𝑅̅3𝑙(𝛼)   =  0.8933 + 0.0033 , 𝑅̅3𝑢(𝛼)  =  0.9070 − 0.0035 . 

  
(1) Since 0 < 𝑅𝑗𝑙(𝛼) <  𝑅𝑗𝑢(𝛼) for all 0 ≤ 𝛼 ≤ 1 , 𝑗 = 1,2,3, from Theorem 3.1(1), the fuzzy reliability of the serial 

system is 
 

                                                       𝑅1̃⨂𝑅2̃⨂𝑅3̃ = ⋃ [∏ 𝑅𝑗𝑙(𝛼)
3
𝑗=1 , ∏ 𝑅𝑗𝑢(𝛼)

3
𝑗=1 ; 𝛼].0 ≤𝛼≤1   

 

From Theorem 3.2(1), we get the estimate reliability of the serial system in the fuzzy sense as 
 

𝑑(𝑅1̃⨂𝑅2̃⨂…⨂𝑅𝑛̃, 0̃) = (1/2)∫ [∏ 𝑅𝑗𝑙(𝛼)
3
𝑗=1 +∏ 𝑅𝑗𝑢(𝛼)

3
𝑗=1 ; 𝛼]𝑑𝛼

1

0
  

 
= 0.5386. 

 
From [8], we get the crisp case reliability of the serial system to be 

 
                                                                       ∏ 𝑅̅𝑗

3
𝑗=1 = 0.54 

(2) From Theorem 3.1(2), we have 
 

𝑄1𝑙(𝛼)  =  0.1816 +  0.0092𝛼 , 𝑄1𝑢(𝛼)  =  0.21710 − 0086𝛼 , 
𝑄2𝑙(𝛼)  =  0.2325 +  0.0087𝛼 , 𝑄2𝑢(𝛼)  =  0.26690 − 0085𝛼, 
𝑄3𝑙(𝛼)  =  0.0930 +  0.0035𝛼 , 𝑄3𝑢(𝛼)  =  0.10670 − 0033𝛼, 

 

Since 0 < 𝑄𝑗𝑙(𝛼) < 𝑄𝑗𝑢(𝛼)for all 0 ≤ 𝛼 ≤ 1 , 𝑗 = 1,2,3. Fuzzy reliability of the parallel system is 

1̃ ⊝ [(1̃ ⊝ 𝑅1̃)⨂(1̃⊝ 𝑅2̃)⨂…⨂(1̃ ⊝ 𝑅̅𝑛)] = ⋃ [1 −∏𝑄𝑗𝑢(𝛼)

3

𝑗=1

, 1 −∏𝑄𝑗𝑙(𝛼)

3

𝑗=1

; 𝛼]

0 ≤𝛼≤1

 

 

From Theorem 3.2(2), we get the estimate reliability of the parallel system in the fuzzy sense as 
 
                          

𝑑(1̃ ⊝ [(1̃ ⊝ 𝑅1̃)⨂(1̃⊝ 𝑅2̃)⨂…⨂(1̃ ⊝ 𝑅̅𝑛)], 0̃) 
 

                                                      = (1/2) ∫ [(1 −∏ 𝑄𝑗𝑢(𝛼)
3
𝑗=1 + 1 −∏ 𝑄𝑗𝑙(𝛼)

3
𝑗=1 )]𝑑𝛼

1

0
= 0.9949 

 

From [9], we find the crisp case reliability of the parallel system to be 

 
 
      2) Example: In Mon and Cheng [11], they considered the following problem. 
 

Two grinding machines, are working next to each other. Let us find the probability that people coming into the vicinity of 
the machines are injured mainly by getting a chip into their eye using 
 
 
 
 
 

JASC: Journal of Applied Science and Computations

Volume V, Issue XII, December/2018

ISSN NO: 1076-5131

Page No:34



 
 
 
 
 
 

 

 

 

 

 

 

 

 
 

 

 
Figure 6: The System 

 

pentagon fuzzy numbers. The most endangered persons are the operators, who are obliged to wear safety 
glasses but often fail to do this. 
 
 

  
 

Table 4.3. The Basic Events Contributing to The Accident. 
 
 

 

Further endangered are persons coming into the vicinity of the machines, the persons bringing and carrying 
away items, further those entering the area for other reasons. 
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Let  =0.02,  1=0.011,   2=0.009. From Example 4.1, t9( 1)=2.7017, t9( 2)=2.9068. 

 
 
 

 
 

Table 4.4.  Two Endpoints and Midpoints of Pentagon Fuzzy Numbers 

 

Where 𝑎, 𝑏, 𝑐, 𝑑, 𝑒 are represents in [13]. 

 

From Table 4.3 and 4.4 ,we get the following pentagon fuzzy numbers, 

 

𝑅1̃=(0.0966,0.0983,0.1,0.1018,0.1037)(= 𝑅𝐴̃), 𝑅2̃=(0.1966,0.1983,0.2,0.2018,0.2037)(= 𝑅𝐵̃), 

𝑅3̃=(0.7966,0.7983,0.8,0.8018,0.8037)(= 𝑅𝐶̃), 𝑅4̃=(0.5915,0.5957,0.6,0.6046,0.6092)(= 𝑅𝐷̃), 

𝑅5̃=(0.8829,0.8915,0.9,0.9092,0.9184)(= 𝑅𝐸̃), 𝑅6̃=(0.4966,0.4983,0.5,0.5018,0.5037)(= 𝑅𝐹̃), 

𝑅7̃=(0.5966,0.5983,0.6,0.6018,0.6037)(= 𝑅𝐺̃), 𝑅8̃=(0.4992,0.4996,0.5,0.5005,0.5009)(=𝑅𝐻̃) 

 

From[15], the   –level sets of 𝑅̅𝑗, j =1,2,……,8, 10  are 

 

R1l(  )=0.0966+0.0017   , R1u( )=0.1037-0.0018   , R2l( )=0.1966+0.0017   , 
R2u(  )=0.2037-0.0018   , R3l(  )=0.7966+0.0017   , R3u(  )=0.8037-0.0018   , 
R4l(  )=0.5915+0.0043   , R4u(  )=0.6092-0.0046   , R5l(  )=0.8829+0.0085   , 
R5u(  )=0.9184-0.0092   , R6l( )=0.4966+0.0017   , R6u(  )=0.5037-0.0018   , 
R7l(  )=0.5966+0.0017   , R7u(  )=0.6037-0.0018   , R8l(  )=0.4992+0.0004   , 

  R8u(  )=0.5009-0.0005   . 

 

From  Fig.6, U = F + G + H; 

V =  C + D; 
 

Z =  E   U    V; 

X = A + B + Z            (19) 

 

Since )()(0  jujl RR   for all ,8,.....,3,2,1,10  j by [19], Theorem 3.1(2), we have the  

following results. 

 

From [15], the  cut of jR
~

at the left and right endpoints are )(jlR , )(juR and )(jlQ , )(juQ . 

By Theorem 3.1(2), we obtain  
 

      )(1)(  jujl RQ   and )(1)(  jlju RQ  . 

For [19], U = F+G+H, through [18] in Theorem 3.1(2), we have   

Q6l(  ) = 0.4963 + 0.0018  ; Q6u(  ) = 0.5034- 0.0017  ; 

Q7l(  ) = 0.3963 + 0.0018  ; Q7u(  ) = 0:4034-  0.0017  ; 

      Q8l(  ) = 0.4991 + 0.0005  ; Q8u(  ) = 0.5008-  0.0004  ; 
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     and  we get  
10

4

3

4

3

]);(1),(1[
~

  

 



j j

jljuU QQR  

For [19], V=C+D, through [18] in Theorem 3.1(2), we find 

Q3l(  ) = 0.1963 + 0.0018  ; Q3u(  ) = 0.2034-  0.0017  ; 

      Q4l(  ) = 0.3908 + 0.0046  ; Q4u(  ) = 0.4085-  0.0043  ; 

 

and we have 

𝑅𝑉̃ = ⋃0≤𝛼≤1[1 − ∏ 𝑄𝑗𝑢
4
𝑖=3 (𝛼), 1 − ∏ 𝑄𝑗𝑙

4
𝑖=3 (𝛼); 𝛼]  

 
For [19], Z = EUV, by [17] in theorem 3.1(1) and  
 

)()(0 55  ul RR  ,0 < 1 −∏𝑄𝑖𝑢 (𝛼) < 1 −∏𝑄𝑖𝑙(𝛼) 

 

and  0 < 1 −∏ 𝑄𝑗𝑢
4
𝑗=3 (𝛼) < 1 −∏ 𝑄𝑗𝑙

4
𝑗=3 (𝛼)  we obtain  

𝑅𝑍̃ = ⋃0≤𝛼≤1[𝑅5𝑙(𝛼) (1 − ∏ 𝑄𝑗𝑢
8
𝑗=6 (𝛼)) (1 −∏ 𝑄𝑗𝑢

4
𝑗=3 (𝛼)) , 𝑅5𝑢(𝛼)(1 − ∏ 𝑄𝑗𝑢

8
𝑗=6 (𝛼))((1 −

∏ 𝑄𝑗𝑢
4
𝑗=3 (𝛼)) ; 𝛼), 

For equation 19,  X = A + B + Z, by Equation, (3.18) in Theorem 3.1(2), we have  

Q1l(  ) = 0.8963 + 0.0018  ; Q1u(  ) = 0.9034- 0.0017  ; 

Q2l(  ) = 0.7963 + 0.0018  ; Q2u(  ) = 0.8034- 0.0017  ; 

 Since  1̃ ⊝ 𝑅𝐴̃=⋃0≤𝛼≤1𝑄1𝑙(𝛼), 𝑄1𝑢(𝛼): 𝛼] and  

 

And 1̃ ⊝ 𝑅𝐵̃ = ⋃ [𝑄2𝑙(𝛼), 𝑄2𝑢(𝛼); 𝛼]0≤𝛼≤1  

 

Since 1̃ ⊝ 𝑅𝑍̃ = ⋃ [1 − 𝑅5𝑢(𝛼)(1 − ∏ 𝑄𝑗𝑙(𝛼)
8
𝑗=6 )(1 − ∏ 𝑄𝑗𝑙(𝛼))

8
𝑗=6 ,0≤𝛼≤1  

 

                                        1 − 𝑅5𝑙(𝛼)(1 − ∏ 𝑄𝑗𝑢(𝛼)
8
𝑗=6 )(1 − ∏ 𝑄𝑗𝑢(𝛼); 𝛼)

8
𝑗=6 ]  

 
Because 0 ≤ 𝑄𝑗𝑙(𝛼)  <  𝑄𝑗𝑢(𝛼), 𝑗 = 1,2 and 

 

 

0 ≤ 1 − 𝑅5𝑢(𝛼)(1 −∏ 𝑄𝑗𝑙(𝛼)
8
𝑗=6 )(1 −∏ 𝑄𝑗𝑙(𝛼))

8
𝑗=6  <  1 − 𝑅5𝑙(𝛼)(1 −∏ 𝑄𝑗𝑢(𝛼)

8
𝑗=6 )(1 −∏ 𝑄𝑗𝑢(𝛼); 𝛼)

8
𝑗=6   

 
For all,  𝛼 ∈ [0,1] 
 

We get, (1̃ ⊝ 𝑅𝐴̃)⨂(1̃ ⊝ 𝑅𝐵̃)⨂(1̃⊝ 𝑅𝑍̃) = ⋃ [𝐿𝐻(𝛼), 𝑅𝐻(𝛼); 𝛼]0 ≤ 𝛼<1 , 
 

Where 𝐿𝐻(𝛼) = 𝑄1𝑙(𝛼)𝑄2𝑙(𝛼)[1 − 𝑅5𝑢(𝛼)(1 − ∏ 𝑄𝑗𝑙(𝛼)
8
𝑗=6 )(1 − ∏ 𝑄𝑗𝑙(𝛼))

4
𝑗=3 ], 

 

𝑅𝐻(𝛼) = 𝑄1𝑢(𝛼)𝑄2𝑢(𝛼)[1 − 𝑅5𝑙(𝛼)(1 −∏ 𝑄𝑗𝑢(𝛼)
8
𝑗=6 )(1 − ∏ 𝑄𝑗𝑢(𝛼))

4
𝑗=3 ]  

 
Therefore, from [18] in Theorem 3.1(2), we obtain the fuzzy reliability of X 
 

                      𝑅𝑋̃ = [(1̃ ⊝ (1̃ ⊝ 𝑅𝐴̃))⨂(1̃ ⊝ 𝑅𝐵̃)⨂(1̃ ⊝ 𝑅𝑍̃)] = ⋃ [1 − 𝑅𝐻(𝛼), 1 − 𝐿𝐻(𝛼), ; 𝛼]0 ≤ 𝛼≤1 , (23) 

 

From [23] and definition 6, we have the estimate reliability of the system X in the fuzzy sense as 

follows 

 

𝑑(𝑅𝑋̃, 0̃) = (
1

2
)∫(1 − 𝑅𝐻(𝛼), 1 − 𝐿𝐻(𝛼))𝑑𝛼

1

0

= 1− (1/2)∫𝑄𝑙𝑢(𝛼)𝑄2𝑢(𝛼)−𝑄𝑙𝑢(𝛼)𝑄2𝑢(𝛼)

1

0

𝑄5𝑙(𝛼) 

+𝑄𝑙𝑢(𝛼)𝑄2𝑢(𝛼)𝑄5𝑙(𝛼)(∏ 𝑄𝑗𝑢(𝛼)
8
𝑗=6 +∏ 𝑄𝑗𝑢(𝛼)

4
𝑗=3 ) − 𝑄𝑙𝑢(𝛼)𝑄2𝑢(𝛼)𝑄5𝑙(𝛼)(∏ 𝑄𝑗𝑢(𝛼)

8
𝑗=6 +∏ 𝑄𝑗𝑢(𝛼)

4
𝑗=3 )  
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−(1/2)∫𝑄1𝑙(𝛼)𝑄2𝑙(𝛼) − 𝑄1𝑙(𝛼)𝑄2𝑙(𝛼)

1

0

𝑄5𝑢(𝛼) 

+𝑄1𝑙(𝛼)𝑄2𝑙(𝛼)𝑄5𝑢(𝛼)(∏ 𝑄𝑗𝑙(𝛼)
8
𝑗=6 +∏ 𝑄𝑗𝑙(𝛼)

4
𝑗=3 ) − 𝑄1𝑙(𝛼)𝑄2𝑙(𝛼)𝑄5𝑢(𝛼)(∏ 𝑄𝑗𝑙(𝛼)

8
𝑗=6 +∏ 𝑄𝑗𝑙(𝛼)

4
𝑗=3 )   (24) 

 
By 𝑅5𝑙(𝛼), 𝑅5𝑢(𝛼), [20, ], 𝑄𝑗𝑙(𝛼), 𝑄𝑗𝑢(𝛼), 𝑗 = 6,7,8, [21], 𝑄𝑗𝑙(𝛼), 𝑄𝑗𝑢(𝛼), 𝑗 = 3,4, [22], 𝑎𝑛𝑑 𝑄𝑗𝑙(𝛼), 𝑄𝑗𝑢(𝛼), 𝑗 = 1,2,  
[24]  can found as  
 

𝑑(𝑅𝑋̃, 0̃) = 0.746758. 
 
This result is the estimate reliability of the system X using pentagon fuzzy numbers. 
 

V. CONCLUSION 

 

In this study, statistical data is used to estimate the reliability of a system which is serial or parallel. By fuzzy 

methods, confidence intervals can be transformed to any fuzzy number. Decomposition theorem is used to write 

fuzzy set as the union of level 𝛼- intervals and signed distance method is used to defuzzify the fuzzy reliability and to 

obtain the estimate reliability of the system. 

 

This is illustrated by an example which have 3 subsystems as an extension, we also illustrated by an example which 

have 7 subsystems, which is a combination of serial and parallel system. 

 

When the number of subsystems are increasing, to obtain optimal value of system reliability, triangular 

fuzzy number can be extended to pentagon fuzzy number. We can also verify whether these 
results are accepted or rejected. 
 

Jing et al [8] used triangular fuzzy number to estimate the reliability of system and using statistical data. In their 

study, The reliability of  the serial system is 𝑅∗ = 0.5405. From the crisp case, the reliability of  the  serial system  is  

𝑅, = 0.54. Similarly, the reliability of the parallel system is 𝑅∗∗ = 0.994977. From the crisp case, the reliability of 

the parallel system is 𝑅′′ = 0.995. 

 

Hence the results are accepted for the reliability of serial system and the parallel system using triangular fuzzy 

number in Jing et al [8]. In this study, we use pentagon fuzzy number to estimate the reliability of serial system and 

that value is 𝑅1∗ = 0.5386. But crisp value for the reliability of the serial system is 𝑅′ = 0.54. 

 

Then  
(𝑅′−𝑅1∗)

𝑅′
× 100% = 0.2593%. 

 

Thus 𝑅1∗ = 0.5386  is  near  to  the  crisp case 𝑅′ = 0.54. That  is  to  say, defuzzification is significant in this study. 

Similarly, the reliability of the parallel system is 𝑅1∗∗ = 0.9945. From the crisp case, the reliability of the parallel 

system is 𝑅′′ = 0.995. 

 

and also 
(𝑅′′−𝑅1∗∗)

𝑅′′
× 100% = 0.01%. 

Thus 𝑅∗ = 0.9945 is near to the crisp case 𝑅′ = 0.995. That is to say, defuzzification is significant. Hence the 

results are accepted for the reliability of serial system and the parallel system using pentagon fuzzy number. 
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